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The higher-order theory of the Weissenberg effect is developed as a perturbation of the
state of rest. The perturbation is given in powers of the angular frequency Q of the
rod and the solution is carried out to O(Q*). The perturbation induces a slow-motion
expansion of the stress into Rivlin—Ericksen tensors in combinations which are com-
pletely characterized by five viscoelastic parameters. The effects of each of the
material parameters may be computed separately and their overall effect by super-
position. The values of the parameters may be determined by measurement of the
torque, surface angular velocity and height of climb. Such measurements are reported
here for several different sample fluids. Good agreement between the third-order
theory and measured values of the velocity is reported. Secondary motions which
appear at O(Q?%) are computed using biorthogonal series. The analysis predicts the
surprising fact that secondary motions run up the climbing bubble against gravity
and intuition.
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1. Introduction

Normal stresses will usually exist in shearing flows of fluids with nonlinear history-
dependent relations between stress and deformation. These normal stresses make free
surfaces bulge in or out, so that by looking at free surfaces induced by shearing we can
find out something about the constitutive equation for the fluid. In the Weissenberg
effect, the shearing flow is set up by differential rotation of two concentric eylinders,
and the normal stresses will drive the fluid up the inner cylinder, if it is small enough.
In the general problem, when the inner cylinder is not small, the free surface responds
to normal stresses but the description of the response is not so simple.

A mathematical description of the Weissenberg effect can be obtained as a series of
powers of the angular frequency Q of the inner cylinder. The basic mathematical ideas
for this perturbation series were given by Joseph & Fosdick (1973) and Joseph,
Beavers & Fosdick (1973). Beavers & Joseph (1975) used the series solution to study
the Weissenberg effect observed in experiments on free surfaces induced by the steady
rotation of cylinders of small diameter. They showed that the polymeric oils used in
their experiments had a second-order range, i.e. a range in which the height of climb
was linear in Q2. In the second-order theory there is only one viscoelastic parameter,
the climbing constant, and it was shown that the values of this parameter, and even its
dependence on temperature, could be determined from measurements of the height of
climb.

In this paper, we consider the higher-order theory and obtain solutions of the
perturbation problems up to and including terms O(Q?). The response of any visco-
elastic fluid to steady rotation of the cylinders up to terms O(Q¢%) depends on the
viscosity and on four viscoelastic parameters. All five constants can be determined
from measurements of quantities computed in the theory. _

The interesting quantities which appear in the analysis arise in the formal ordering
of the solution in powers of Q. We first explain this ordering in physical terms. The
head @ = p+ pgz, the pressure p, the free surface z = h(r; Q) and the secondary
motion should not change when the direction of rotation is reversed; therefore the
power-series solutions for these quantities contain only even powers of Q. The circum-
ferential component of velocity » and the associated stress should change sign with Q.
It follows that Q2 Q4

hir; Q) = h[Z](T)'QT"'hm(T)ZT"'O(QG)’ (1.1a)
04

57 +0(@), (1.1b)

2
O(r,2; Q) = p+pgz = @(2)%4. [1H1C))

u(r,z Q) = e, [v(1>(r) Q-+ 0, 2) %f + O(Qs)] +VA [e(, {¢<4>(r, z)% + O(Q“)}] . (L10)

The velocity field u has been split into a circumferential component and a secondary
motion, which is given by derivatives of a stream function ¥ (r, z; Q).

Different characteristic physical effects are associated with different powers of Q
in the series solution. When there is no rotation, the free surface is flat and the pressure
is hydrostatic. At first order in €2, there is a z-independent flow in circles with no change
in the pressure or flat free surface. At order two, the pressure must equilibrate the
radial forces arising from centripetal accelerations and normal stress. The free surface
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acts as the barometer for the interior pressure distribution, rising where the interior
pressure is greatest. The free surface can remain flat only if there is no motion. The
departure from flatness of the free surface at order two requires that the circum-
ferential velocity at order three should depend on z. This is a consequence of the fact
that the circumferential component of the shear stress

Sne = Szo_h’Sre’ (1.2)

which vanishes automatically for z-independent fields when the free surface is flat,
can vanish when the free surface is not flat only when §,, = 4'S,, does not vanish. The
z dependence of the circumferential field at third order is generated without changing
the pressure or shape of the free surface. The z-dependent circumferential field generated
at order three is associated at order four with forces that also depend on z; such forces
inevitably exert torques in the plane 6 = constant, and lead to secondary motions.

The equations which govern the perturbation fields have already been derived by
Joseph & Fosdick (1973). However, their equations need to be modified slightly in
order to include the effects of surface tension at orders three and four. A second-order
theory which includes the effects of surface tension is given in § 12 of Joseph & Fosdick
but it applies to the flow induced by a rotating cylinder in an infinite fluid and not to
the flow between cylinders. Their solutions at third and fourth order are valid only
when the surface tension 7' = 0, and the fourth-order solution is also restricted to the
case when the distance between the cylinders is small. It is our purpose to remedy
these deficiencies and to complete the solution so that circumferential velocity
distributions and secondary motions may be computed in a completely explicit and
useful form suitable for the quantitative prediction needed for rheometrical measure-
ments.

Since the solution is constructed by perturbations and each problem in the per-
turbation sequence is linear, the solution may be constructed by superposition. These
superpositions are few in number at second and third order. But in the fourth-order
theory there are already a rather large number of possible superpositions among two
geometric and four unknown viscoelastic parameters. The viscoelastic parameters are
supposed to be unique and they do not change when the cylinder dimensions and
speeds are changed. So, in principle (and in fact), we may find these parameters by
comparing theory and experiment.

The determination of the values of the viscoelastic parameters up to order four is
the main contribution of this paper to rheometry. As far as we know this is the first
such determination. However, the procedures required by the fourth-order theory are
much more elaborate and less accurate than those used in the second-order theory. It
may or may not be possible to simplify these procedures to the extent required for
practical rheometers.

This paper also makes a contribution to our understanding of the fluid dynamics
of the Weissenberg effect. The analysis shows how the requirement that the free
surface be free of shear tractions must lead to a vertical stratification of the circum-
ferential velocity e, v(r, z; Q). We show that when Q is small the circumferential speed
v(r, k; Q) on the free surface z = k(r; Q) is greater than the speed #(r; Q) = v(r, —00; Q)
of a viscometric flow of the same fluid on each circle satisfying the inequality

oh(r; Q)/or < 0;

18-2
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that is, when Q is small the inequality

o(r, h; Q) —3{r; Q)
oh(r; Q)/or

<0 (1.3)

holds on each circle between the cylinders. The stratification with respect to z of the
angular velocity generates secondary motions by inducing torques in azimuthal planes
0 = constant. We compute the stratification of the torques and the secondary motions
and find, to our surprise, that the fluid is driven up the climbing bubble against
gravity. And we show that the same effect occurs in our experiments as in our analysis.
The method of analysis of secondary motions, using biorthogonal series, is relatively
new and may be of independent interest.

The organization of the paper is as follows. In § 2 we briefly review the theory of
steady flow of a viscoelastic fluid perturbing a state of rest; the equations which
govern the Weissenberg effect are set down without derivation in §3; a few of the
main results of the theory of domain perturbations which are used in the analysis are
reviewed in §4; and the derivation of the perturbation equations is sketched in §5.
In § 6 we write the solutions in a dimensionless form as a sum over components whose
coefficients contain the viscoelastic parameters but which themselves are independent
of these parameters. Solutions for some of the component functions and the equations
governing the others are also set out in §6. In §7 we discuss some properties of the
solutions given in §§8-11. The solutions are given in the form of series whose co-
efficients are defined by integrals which must be computed numerically. Graphical
representations of the final solutions, suitable for quantitative comparison with
experiment, are also given in these sections. In § 12 we explain how to measure the
viscoelastic constants and determine the values of these constants for several fluids.
In § 13 we invert the mapping and exhibit angular velocity contours and streamlines
for the secondary flow in the actual domain occupied by a fluid whose parameters are
known from the analysis and the measurements reported in §12. We show in §13
that when Q is small the fluid actually climbs the bubble against gravity and we give
an explanation of the observed dynamics of the motion when (2 is outside the fourth-
order range. The observed dynamics for larger values of Q outside the range of our
theory consist of large-eddy secondary motions driven by torques associated with the
vertical stratification of the angular velocity and a small secondary eddy (or bead)
rotating against the big one and joined to it at a cusp-like indentation of the free
surface. An appendix is given over to discussion of mathematical properties of the
biorthogonal series used to find the secondary motion.

2. Constitutive relations
The total stress in an incompressible simple fluid is given by

where p is a constitutively indeterminate pressure and § is an extra stress given by

s-7|

]

(Eo (s)], G(s) = C(t—s)—1, trS=0, (2.1a)
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C, being the relative right Cauchy—-Green strain tensor
C.,=FIF, F,=grady, G(0)=0. (2.1b)

Here s = t —7, and %.(X, t — s) denotes the point occupied at time 7 < ¢ by the particle
which at the present time ¢ is at the point x. G(s) is called the history and & is a
hereditary response functional.

For slow steady flow & is known except for some material constants whose values
are to be obtained by rheometrical measurements (see Beavers & Joseph 1975). We
call u(x,€) = ev(x,€) a smooth slow steady motion if v(x,0) and all of its spatial
derivatives are continuous and uniformly bounded in the closure of the domain on
which they are defined (Joseph 1974). If it is assumed that & has Fréchet derivatives
of all orders at the point G(s) = 0, then one may formally expand S in a Taylor series
(Coleman & Noll 1960; Giesekus 1961; Langlois & Rivlin 1963) whose partial sum is

N N
S(N) = ;1 sn[An! An—l’ "‘:Al] = ; ensn[aman—h ""al]’

=1
where A, = e¢"a,,; the A, are Rivlin-FEricksen kinematic tensors defined by

A, = gradu + (gradu)T (2.2a)
and A, ., = (gradA,)u+A, gradu-+(gradu)TA,. (2.2b)

The tensor-valued functions S, of A, can be written out explicitly (see Truesdell &
Noll 1965; Truesdell 1974). The first four of the S, are

S[Al=pA;, SAL A=A +a, AL (2.3a,b)
Ss[AL A A] = B1As+ So(As A+ AL Ag) + By(tr Ay Ay, (2.3¢)
S[AL AL A A = 7 Ai+ Yo (A A+ A Ag) + 73 A3
+ 74P AT+ AT A,) + 75 (tr Ay) Ay +yg(tr Ag) A
+{ya tr Ay +ys(tr A AL A, (2.3d)

The coefficients p, o, &y, f1, Bas B3 V1> Vo ---» Vs are constants, or, more generally,
functions of the temperature.

Not all of the rheological constants which appear in (2.3) enter the equations which
govern the functions mentioned under (1.1). The rheological constants which do
matter in our analysis are

n, 0, Ay fi= Pyt fa V= Vet Vat Vst Ve

Joseph & Fosdick (1973, § 2) noted that these constants could be expressed in terms
of the constants which arise in the expansion of the three viscometric functions in
powers of «, the shear rate; 4, a, and a, are determined by the values of two of the
visecometric functions and # and ¥ by the slopes of the viscometric functions at zero
shear. It is very difficult to find these values, especially the slopes, from measurements
with standard rheometers (see Beavers & Joseph 1975, § 3).
Certain important combinations of the viscoelastic parameters appear in the
analysis:
N, = 2a, + a,, second normal-stress coefficient at zero shear,
B = 3a, + 2a,, climbing constant at second order,
& = a,+ a,, torque constant at fourth order.
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The second normal-stress coefficient is equal to the climbing constant minus the
torque constant. We note that o, < 0 (sce Coleman & Markovitz 1964).

The Rivlin-Ericksen kinematic tensors A, and the tensors S, are homogeneous
functions of degree » in u. It is convenient to define the tensor-valued functionals

S.[uu,..,ul=S,[A,A, ... Al=¢cS,[a,a, ...,3]

= ¢S, [v,v,...,V].
n times

3. Governing equations

An incompressible simple fluid is set into an axisymmetric motion by the steady
rotation of two concentric cylinders with angular velocities Q at r = & and AQ at
r = b, respectively. The free surface on top of the fluid deforms into an axisymmetric
shape given by z = h(r; Q), which was flat when Q = 0, i.e. A(r;0) = 0. The region
occupied by the fluid is designated as

‘//n={r,t9,z|&‘<r<5,' 0<60<2m —ow<z<h(r;Q)
where (r, 0, 2) are cylindrical co-ordinates. In ¥, we have
plgradu)u = —grad ® +div S, divu =0, (3.1a,b)

where (gradu)u = (u.V)u and @(r,2) = p(r,z) — p, +pgz, where p, is the local
atmospheric pressure. The boundary conditions at the cylinder walls are

{egQ& at r=a,} (3.10)
= .C

e, AQb at r =0,

and on the free surface of the fluid domain the shear traction vector and the normal
component of the velocity vanish:

un=2.8,,=8,=0 at z=4hrr;Q), (3.1d,e,f)

where n is the outward unit normal to the free surface and t is the unit tangent vector
in the intersection of the free surface and the plane & = constant. Moreover, far below
the free surface we specify that the axial velocity field and the shear traction field
on right cross-sectional planes vanish:

u.e, S, 8,0 as z->—c0. (3.1g, A, 1)

We shall refer to (3.1¢, &, 7) as ‘asymptotic conditions’ as z— —co. The problem may
be fully stated if the surface profile z = A(r; Q) is known in advance. Assuming the
constitutive relations of the classical theory of surface tension, the jump in the normal
stress across the free surface is balanced by the surface tension. Thus, at z = h(r; Q),

1 rh’ ’
h—®+8,,—T~—==] =0. A3
pg + nn T((1+h'2)i) (3 .7)

Equation (3.15) is a second-order inhomogeneous ordinary nonlinear differential
equation; it is to be solved subject to prescribed conditions for the surface heights and/
or the slopes at the end points. We observe that the scalar quantity @ appears in
(3.1j), but from (3.1a) it is determined only up to an arbitrary additive constant.
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This constant and the plane on which z = 0 are fixed by the condition that the total
volume below the free surface is conserved:

5
fArh(r; Q)dr = 0. (3.1%)

It is useful to decompose the axisymmetric velocity u into physical components as

follows:
u=uvr,z)e;+q (3.2)

and a4 = ulr,z) e, +w(r,2)e, (3.3)
where q may be found from a stream function ¥ (r, z), namely,

q-= egx-:-Vzﬁ = e,;%g—ez;“;—?f. (3.4)
It is also convenient to decompose S as follows:

S = uA [u]+S[u] (3.5a)

and g[u] = §2[u, u]+§3[u, u, u]+§4[u, u,u,u]+..., (3.5b)

where the §n[u, u, ..., u] are homogeneous functionals of degree n in u. Then, noting
that @ and the physical components of the extra stress S are independent of 6, the
dynamic equation (3.1a) may be replaced by the equivalent set of equations in #}:

_ wy 190 , a8,
,u..?’v—p(q.V +-——)—;§5(r S.6) — poat (3.6a)
s\ 0D vty a8, oS, 1
oD o3, o8, 14
%y L _ e __ 2z _
wViw = pa.Vw 2 rSﬂ, (3.6¢)
1o N, ¢ Q)
2 V=L (A8 = V2( )—1
where V() =5 () + 5 20=v0)-8
The boundary conditions are
v(@,2) = Qa, v(b,z) = AQb, (8.74)
u(@,2) = u(b,2) =0, w(@,z)=wb,z)=0. (8.7b,¢)

We next express the free-surface conditions in cylindrical co-ordinates, and we
find that (3.14d, ¢, f) become

w—(dh/dr)u = 0, (3.8a)
(;4%’+Szo) —g-‘(ﬂ (g;’_;’)m,,,) =0, (3.8b)

0 i
h’(Szz_Srr)+ﬂ (_al:-*--alz‘l/) + Szr—hlzsrz =0 (380)
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atz = A(r; Q). Likewise, (3.1g, h, 7) can be written as

0 0
(w+ u)+§ =0 as z->—o00. (3.9a,b,¢)

o

Finally, we use the condition that S,; = 0 on z = h(r; Q) to express S, as

Snn = Szz_h,Szr
thus (3.15) becomes
T rh' ! ,

at z = &(r; Q). The boundary conditions for A(r; Q) are selected from the following
four possibilities:

dh(@; Q)/dr = dh(b; Q)/dr = 0, (3.11a)

h@; Q) =hb;Q) =0, (3.11b)

dh(@; Q)/dr = h(b; Q) = 0 (3.11¢)

and h(@; Q) = dh(b; Q)/dr = 0. (3.11d)

® is made definite by imposing the condition of constant volume (3.1%).

Equations (3.6)-(3.10) were derived by Joseph & Fosdick (1973) but the solutions
developed there are incomplete for reasons already specified in § 1.

Now we shall derive the perturbation equations, skipping all but the most essential
details.

4. Domain perturbations

A formal solution of (3.6)-(3.11) can be obtained as a series in powers of  whose
coefficients are derivatives of the solution evaluated in the rest state. In the rest state
all of the components of the stress and velocity, the head and (r; 0) vanish identically.
In addition, a simple consideration of symmetry of the problem with respect to a
change in the sign of Q shows that

v,8,4, 8,4 are odd functions of Q 4.1)

; 20>
satisfying (3.6a), (3.7a), (3.8b) and (3.9b), whereas
u,w, O, 4k, 8,,, S,,, Sge, S,, are even functions of Q (4.2)

satisfying (3.6b, ¢), (3.7b, ¢), (3.8a, ¢), (3.94, ¢), (3.10) and (3.11).
Analytic solutions of (3.6)—(3.11) and (4.1) and (4.2) must therefore be of the form

QQ2n-1

v(r,2z; Q) = nglm v2n=U(r, 2.) (4.3)
w(”.s 2; Q) 3&[2"](7'0, 20)
and OrzQ)| = 3 S0 | genigr 2 |, (4.4)

h(r; Q) () heni(r,)
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where (r,, z,) are the co-ordinates of the rest state defined in
Yo =1{r0, 00,208 <75 < 5,0 < 0, < 27, —0 < 2, < 0}.
The co-ordinates (ry,2,) are related to (r,2) by an invertible shifting transformation
r=ry 0=20, z=z2y+h(ry; Q) (4.5)

which maps boundary points z = % in ¥, into boundary points in #75. The substantial
derivatives on the right of (4.3) and (4.4) are taken with respect to Q at Q = 0 with
o and z, fixed.
It is also possible to express the solution in a series of partial derivatives defined
iny:
Q2n—1

v(r,z; Q) = nz=:l (-2n———_1)!v<2"‘1>(r,z) (4.6)
Vi 2 Q) o (V)

and O(r,z; Q)] = n%]l @ Dm(r 2) ), (4.7)
hir; Q) ) R (r)

where the derivatives indicated by the angle brackets are taken with respect to Q at
Q = 0 with r and z fixed. Since r = r, A% (r) = A2(r); but though the series on the
right of (4.3) and (4.4) and of (4.6) and (4.7) represent the same functions they are not
equal term by term. To be more precise, we note that

n

aqQr

is a derivative at Q = 0 with ry and z, fixed while

vM(rg, 25) = v(1(7g, 293 Q), 2(7g, 293 Q); Q)IQ=0

™ (r,z) = v(r,2; Q)| geo

aom
is a derivative at 2 = 0 with r and z fixed. The two derivative operators ( )™ and
( ) are related through the chain rule
d o dr 0 dz 0\ ¢  dh o\"
s = ('a‘fﬁmé;*m'az) = (a‘ff’a‘ﬁa_z)
Since A = A = 0 by symmetry and by use of (4.8), we can obtain the explicit
formulae relating ( }*> and ( )® forn = 1, 2, 3 and 4:

n

(4.8)

(= ( KD, (4.9a)
()2 = ( )(2)+hm{%}<o>, (4.9b)
()8l = ( )<a)+3k[21{%(z_)}<1), (4.9¢)
LTI 2( <2 22( <@
()& = (K9 4 p0 {‘5(2)} + 62 {_9(2)} + 3(h[21)2{%} . (4.94d)
In general v{™(r,z) + v"™(ry, 2,), but
o (2n—1) h(r; Q) = Qe (2n—1)

D A Y
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In the computational algorithm for the series solution (4.3) and (4.4), we solve
problems for the functions ¥2*=1(r, z,), YX20)(ry, z,), D™ (ry,2,) and AE(ry) defined
on the convenient reference domain ¥#,. Then we form thc substantial derivatives
=l 20), Yi2nd(r,, 2,), ™ (ry, 2,) and A27)(r,) using the differentiation formulae (4.9).
The series solutions (4.3) and (4.4) are then obtained by setting r, = r and

2y = z—h(r; Q).

5. Perturbation equations

Our main task now is to compute the coefficients appearing in (4.3) and (4.4) up to
0(£24). The equations governing these coefficients are nearly the same as those already
derived by Joseph & Fosdick (1973). We shall not repeat all the details of the deriva-
tions already developed there. It is necessary, however, to make provision for the
effects of surface tension, which were not considered in the equations at orders higher
than two, and to list the equations up to order four whose solution is our main goal.

The computation of the series (4.3) and (4.4) is greatly simplified by using the
symmetry properties (4.1) and (4.2). At zeroth order there is no motion and the free
surface is flat: o0 = y/i0l = @01 = pi01 = 0, At order €, a circumferential velocity
independent of z appears: Y1 = ®1) = kD = 0 and

o= dr g B g0 g @)
"o b _ar Pa

The inhomogeneous terms which arise at second order may be balanced by a
gradient (see Joseph & Fosdick 1973). We find that (® = y<X2 = 0 and a short cal-
culation (see Joseph & Fosdick 1973; or Beavers & Joseph 1975) shows that

(5.1)

§‘(z) — §§2> =a, A§2> + 20, A§1>2, (5.2)
where ALY = —2Br;%(e,Q e, +e,®e,), (5.3)
® stands for the dyadic product and
AP = 16r;4 Be, @ e,. (5.4)
The solution for ®¢? is (Joseph & Fosdick 1973)
@ =p (ﬁzrg +4A4AB log%’ — %2) +4(3a, + 2a2)§-:+02, (5.5)

where C, can be determined from the condition

)
T (ro EZ—}ﬁ[—-) + | 7 @ (ry)dry = 0,

dry)a J&

which arises from (3.1%) and (3.10). Hence
@ = p‘gz (73_

A

& ; b2) +448B (logﬁ’— @ilo_g__@/d) + {:)

a 52—-62
1 2log(b/a 1 1
- B (- 25RO st 2 B (G- =)

oT (pdW® . kP
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Finally, at second order (3.10) becomes

12)
Td (T"%—) —pghP 4 O® =0 at z=0, (5.7)
0

rodrg

where h® satisfies one of the pairs of end-point conditions (3.11).

We are now ready to calculate the solution at order three. When account is taken
of the fact that o1 (r,) is independent of 2, and that Y = O = 0, we find from (4.9)
that ( )® = ( )¢®. Considering the homogeneity of S,, and using w{®> = 0 we obtain

S® =8P 18P 18P +... =SP +8§P, (5.8)

where the S, = S, are given by (2.3). To determine S and S we first note that
w® = 0 leads to A{® = 0. Then A{® = A{® = 0 and u® = u(® = 0 yield A{® = 0. It
follows that S = 0 and

S = £, AP 1 3(B,(AL AP + AL AP) 1 f(tr AP) AP}, (5.9)

Similarly, using u(® = w(® = 0 and A{® = A{® = A’ = 0, we derive from (2.2b) for
n = 2 that
AP = 3{(grad Af) u® + A grad u® + (grad u¢»)T A},

Substituting u(t = e, (5.3) and (5.4) in the above equation, we observe that
A{¥ = 0 and compute

S§¥ = — 9678 BB, + ) (e, ® ey + €, @ e,), (5.10)

where S, and f, are constants of the fluid of grade three.
To find the problem at third order, we differentiate (3.6a), (3.7a), (3.8b) and (3.9b)
three times with respect to Q and set Q = 0, using u¢®» = 0 and (5.10). We find that

- 3
$v<3>=—384M§7 in 7, (5.11)
® T
v (@, 2,) = v(b,2,) = 0, (5.12)
o dh® (0D oD\ o 6BdA
—%—3-3—7;—(%—70‘) ——a—z—o--l‘-ﬁm—o at z,=0, (5.13)
D [02y—>0 as zy->—00. (5.14)
The solution to the above problem can be decomposed into two parts:
Y(rg, 20) = %53 (r0) + 052 (74, 20) (5.15)
(3> (3> 3
where _l_i(roﬂl__)_lh_ = —384 Mi, (5.16a)
rodro\ ° drg 3 J7
wP(@) = o§®(B) = 0, (5.16b)
P =0, vP(@,2) = vP(b,2,) =0, (5.17a, b)
w®»  6Bdra
T =g M =0 (5.17¢)

and oD [02,—>0 as  zg—>—00. (5.17d)
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The solution of the problem (5.16) can be easily obtained:
A2 52 G+ by 4202
oDy = —at B gy (1 @402 Bttt (5.18)
"0

& 0
n atht athir,

The problem (5.17) is an eigenvalue problem for which the solution can be written as

1§ (rg, 29) = z B, exp (X, 2) [L(R,8) 1A, 7)) — (A, ) Y (R,8)],  (5.19a)

where J; and ¥, are Bessel functions of the first and second kinds of order 1, A, is an
eigenvalue of

SR, 8) YA, 8) - (A, B)Y,(A,8) =0, (5.19b)
d B - 77227& [Jl(ﬁ'n,g)]2 _
R 727 WO AT W
b1 dpe
{ 68 ld_ro(ro)[.l(x 8) (A, re) — (A, 79) (R, 8)1dry ). (5.19¢)
We note that when dh®(r,)/dr, has been determined v$¥(ry, z,) is given explicitly by
(5.19).

The secondary motion, which appears first at fourth order, arises from the torque
generated by v{¥(r,2,). To begin with, we use the results that u¢® = 0 and that
®<2(r,) is independent of z, in ¥j to find from (4.9) that ( )4 = ( )». Using the homo-
geneity of S, and the rest-state solution, we establish that

S = S 4+ S L8 4. = S 1§ L 5P, (5.20)
where S,, = S, are given by (2.3). Using Af® = A{Y = A{» = 0 and u® = u® =,
we have A§? = 0. Then it follows immediately from

A§°) - Agl) - Aff) - Aéa) — A§,3) =0
that A = 0.

We differentiate (2.35, ¢, d) four times with respect to Q and set Q = 0; then,
collecting all the results established in the last paragraph, we find

S{9 = o, Al + 4o, (A AP + AP A, (5.21a)

S{¥ =0, (5.21b)

524) = 6y, A§2)2 + 1274(A§2) Agl)z +A§1)2 Agz))

+ 6y,(tr AP ) AL + 12y,(tr ALP) A2 4 12y, (tr AR AD) AL, (5.21¢)
where A{® = gradu® + (grad u(®)T (5.22a)
and

AL = 4{(grad A{®)u® + (grad A”) u®
+A® grad u® + AL grad u¢® + (grad u®)T AL + (grad wv)T AP},
(5.22)
Since u(® = v(3(r,, z,) €5, we may write

(3)
grad ué® = e, @ Vok® — U—T— e, ®e, (5.23)
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and thus
2<3)

—E—(et?@ ez+ez® eﬁ)' (524)

ov® (8
A(3) = ( or _T) (e0® er+er® e0)+

Substituting WD = vM(ry) ey, u® = v)(ry, 2y) €y, (5.23) and (5.24) into (5.22b), we
find that
168 20(3)

AW = (e @ Vo® + Vo @ e, — e® e,). (5.25)

Hence we may compute from (5.3), (5.21a), (5.24) and (5.25)

8B (3
— (20,4 ay) (e, ® Vv + VoD @ e, — 2”7 e ® e,)
1]

s§4) — _

168  [ov® v<3>
2( or

) ,®e; (5.26)

——
Finally, from (5.3) and (5.4), we reduce (5.21¢) to

1536 768
7 34(7’3+')’4+')’5+%')’e)er®er+‘;8—34’}’e € ® e (5.27)

524) —

and thus conclude that

~ 168 w® @\ 1536
S = — (20, + ay) (—6—7"_7) B4(7’3+74+7’5+%')’e)} e ®e,
[1] [1] 1] 0
8B o®

—— (2 e
TO ( a1+a2) 520 (er®ez+ z®er)

168 (6v® o®\ 768

— —— )+ — B4 . 2

{ 7 az(aro ro)+7337"}e‘9®e‘9 (5.28)

By symmetry, we have v/ = v(® = 0. Using the resultsu(® = ¢ = u(® = ¢ = 0,
we obtain

p (L) 0 g PP P L (39— 55y, (5200
% ( _:_o ag’:) _ag’:f - _ai 503) _Tlosg;o, (5.200)

VD@, 2) = DB, 2g) = 0, (5.30a)

D@, 2y) /0y = 2P (D, 2y)[0ry = 0, (5.300)

QYD (rg, 0)/0ry = — PYrD(ry,0) /028 = 0, (5.31a, b)

YD Jory = — 00D /23>0 as zy;—>-—0, (5.32a, b)

where to derive (5.315) and (5.32b) we have made use of (5.13) and the conditions
OHD(ry, 0)/0r2 = 0 and 03P /or— 0 as z;—> —o0. Also,

T 21 82D
- a1y’ [41 (¥ —_— = = .
- (oY = pgel DO 4 5o =0 at 2= 0, (5.33)
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where B4l satigfies (3.1k) and one of the conditions (3.11). Using the component
expression for S, we may rewrite (5.29q, b) as

N ® @
3(1 oy )_acp

7o 02, ar,
D) 123 1608 o(® (By+ ) B
1o®  o® B B
—16Ba, "S‘E"‘ Z +1768ys— 78 +10752(y3+ ¥4+ Vs + 3Ve) 5 7 (5.340)
r3 or, i
D ARA YA 10089 1 2
2 _— = ————e
and Y ( " o ) o 8B( 2a1+a2)( 7 +r(2, o c'?zo)' (5.34b)
Elimination of & from (5.34a, b) leads to
4B O
24y = — 8§ {2 —_— (Dy(3
nLy 8a {r% (a1 +ay (870 . ) + pviDy } (5.35)
o {1a()\ &%)
where L()=r1y 7, (70 (’3r0) +—a—zg-.

We remark that (5.35) with boundary conditions (5.30), (5.31) and (5.32) forms a
well-posed inhomogeneous Stokes-flow problem which is uniquely invertible for
Yi®(ry, 2,). Tt is interesting that <% is determined when the material constants for the
fluid of second grade are known.

Given (¥, we may compute ®{D(ry,2,) up to an additive constant by integrating
(5.34). We decompose <% into two parts:

DD (rg, 2¢) = (I)§4>(r0) + q’é‘l)(ro, Zg)-
Then from (5.34a) we have

d<D§4> v(l)v§3)
dry 8 7
0 0

. 1 o2f® 1o§®  o®
~sBies ) (5 -5 (3%, )

4

+ B 1 av(a) v(s) ﬁ

~ {1 r® (1),,(3>
=ﬂy(_8¢ )+8pv V3

. —8B(2a, + )

To

1 o253 1 & @ {8 ,3)
3—”—2——5 0027 VN L 6By (L2 %) (5370
A

7 org 3 ar, r3 ry org
a0 1 1P 1 o2
=uVel — = _ 2 it T 2 :
o2, # ( 7o 07y ) 8B(20,+ ay) ( 73 0z, +r§ o7, 320) ) (5.370)
If we also decompose /4! into A + A so that
T @y 1} @
7',_0(7'0}&1 )~ pghi+ @1 =0 (6.384a)
(D
and T (ro B5YY — pghlP + (D(“>+ YD 0 at z,=0, (5.38b)

g aro 02,
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then the integration constants for ®{¥(r,) and ®{(r,,z,) can be determined from the

conditions . R
Bhb b
T (roizgh;_),\'*‘f,\ To ‘D§4)(70) dry =0 (5.39a)
0/ a a
AN
and T (ro %)A +_[" 7o O (1, 0)dry = 0, (5.390)
0/a a

which arise from the constant-volume condition and (5.38), and incorporate the fact
that

A
a

b o240 N D
st (R0
& 0ry 0z, 02,

We note that @, like <%, and hence A, can be determined from the material
constants of the second-grade fluid. But in evaluating ®{ and A{*, we need not onty
Ba+ fsbut also y3 + 4+ 75+ 57

In summary, we have found that it is possible to express the series solution (4.3)
and (4.4) up to terms O(Q?) as follows:

3
v(r,z;9>=Qv<1><ro>+%{v§3>(ro>+v§3><ro,zo>}+0(95) (5.40)
1/,-(7‘:2; Q) Q2 Y Q4 QZ’(”("O,ZO)
and O(r, 2, Q) | = 57| SP(r0) | +77 | BV (r0) + B (o, 2) | + O(Q°),
h(r; Q) -\ (o) + H(ry)
(5.41a,b,c¢)

where 7y = 7 and z, = z—k(r; Q). The coefficient »(}(r,) is given by (5.1), O (r,) by
(5.6) and v{¥(r,) by (5.18). It is also easy to solve (5.36) and (5.39a) for <I)§4)(r0). The
functions D¢ (), v{¥ (r,) and P (r,) may be regarded as arising from the perturbation
of the z-independent viscometric flow and as producing the changes in the free surface
k2(ro) and Af(r,). The functions v (ry, o), Y<¥ (ro, 2,) and D (ry, z) may be regarded
as arising from the perturbation of the z-independent viscometric flow and as pro-
ducing AY!(r,). The solutions of the boundary-value problems for A2, v{, y<® A and
K are more difficult.

6. Dimensionless representation of solutions

The series solution up to order four may be expressed in dimensionless form. To
do this we introduce the following dimensionless quantities:

(t’y)= (7'0’20)1 a<t<b7 :1/<0,

b-a
n=a/b, a=2/(1-y), b=2/1-),
A=-p/(1-n?), B=d4p/{(1-7*) (1~

g _poa _pyb—a)y

= Ta? 4T
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R =1,
R, = 4(3a, + 2,)/(08?) = 40/(p8?),
Ry = 4(a; + a,)/(p8*) = 48/ (p&?),
R,=R,R;,, R,=R}.
We also introduce three parameters, each with the units s—2:
QB =g/a >0,
K, = p/{16(8,+ B3)} = p/(187)

and K, = (3a,+ 20,) /{336(y5+ V4 + Vs + 276)} = B/(3367).
Then the series solutions (5.40) and (5.41) can be written as
M R+ gy gy () RTnS), (6
e =31 2 BeOultn)+ 5 3 Rt )
+41!'I%Z R, &t m) +4i! (Z%)iél R, Oyt y,7,8), (6.2)
(%’)2”(’(;19) = 21!1_% R, Hy(t,7, S)+4i!9—jél R;A(t,7,8)
+41!%: Ry Hyy(t,7,8) + ;11—! (s%):él RHy(t,7,8), (6.3)
w2 (g) S Rvatuns

2
= % (QEO) {(Far+ By Wio) + By(Vis + By ¥yy)}.  (6.4)

We have used the principle of superposition, as far as possible, to reduce the solution
to the computation of functions of 7 and S alone. For fixed values of the group pg/T,
the prescription of # and § is equivalent to prescribing the radii of the inner and
outer cylinders. Hence when pg/T is fixed, the dimensionless functions defined by
(6.1)~(6.4) are independent of material parameters. The dimensionless functions are
given in terms of the dimensional functions introduced in § 5:

vD(r) _
a 1 a K, 3

2

Q Q)2
80000 = () Taltg)+ RVl
0

Q2P ( Q2 3 ~ Q2 A
"—plTiz(—o_) =% ; Riq)ﬁ(t)'f‘ERz(Du(t):
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Q2O (r, 2 Q2
__2._(0_0) 0. Z R, ®.(ty),

x]
Pl 2.

2]
) — By )+ Ry Hoo0),

Q2o 2
ghy(ry) = Q E ﬁ4i(t)+%R2ﬁ44(t)v
< 2

a2
ngk(ﬂ(r )
_a_z_o_ (2”213 i Hayy (1)
Q2D (7, 2 Q2
and et 5 B Rk,

The following functions, which are independent of y, may be obtained explicitly
without resorting to numerical or approximate methods:

Wilt, ) = 71 (At+—?), (6.5)
Dalty) = -2 (}5 a::;f 2 +;:b;a2b2), (6.6)
(¢, m) = B? (l - —1—) — H g, (6.8)
4 a®b?
butn =42 () A2 o)
+ 8(at +ali‘;;|— a?b?) (Iogf_z_bzll)(;g_(zga) + %);
) -

14 b4+ a?b? 2log (b "
S ) (G- T - A, 09)

t2 aZ

H  (6.10)

A 18 4(at+b4+a??) 2(a+ b4+ a?b?)
Dy(t, ) = B { B + prim + abbs } -

12 4(a4+b4+a2b2); N
43

Bult,m) = B“{ i P (6.11)

A 1 a*+b%+a?? A A
Buttn) = B - - =y Bl (6.12)
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where
2 dH,, b
Honn = S(b% —a?) [t dt &7, S)]

a

and the functions @,,(t) + #,; and &,,(t) + H#,, satisfy (3.1k).

If the height-rise functions H,,,(t) are given numerically, then the Fourier-Bessel
coefficients B;, given by (6.17) and the biorthogonal series coefficients given by (10.9)
can also be computed numerically. The remaining parts of the solution can be expressed
analytically.

First, the functions Hy, (¢, 7, 8) and H,,(t, 7, S) satisfy
1d ( thgi

12 7) —SHy+8%y(H) = 0, i=1,2, (6.13)

\

and one pair of the four conditions (3.11).
The functions Vy,(t, v, 7, S) satisfy

PVy 1Vy, Vo PV,
e Tio # oy 0, (6.140)
Vaila, y,7, 8) = Vai(b,y,9,8) = 0, (6.145)

oV,  6BdH,;, _
ot Ed 0 on y=0, (6.14¢)
Ny /oy—>0 as y-—>—oco for i=1,2. (6.14d)

The solution of (6.14) is
Vai(t,?/, ”’S) = ;lBinexp (Any)%l(/\nt)’ (6~15)
where %I(An t) = JI(Ana):YI(An t) _’Jl(An t):Yl(Ana): g1(/\11, b) =0 (6-160” b)
2 [h(A,a)P—[h(A,0)FF 1 d Hy,

and 'B‘L' 712An [Jl(Anb)]z = 6Bfa ?%I(A" t)—(?t—dt. (6.17)

The constants A,,(7) depend on 7 alone but the coefficients B, (7, S) depend on 7 and S.
The functions Wy, (¢, v, 7, S) (¢ = 1,2, 3, 4) satisfy

oF. 2 (18()\ %)
2 . 1t = = [ ]| ——
LAy + P ¢y, 7,8 =0, L() té)t(t % )+ R (6.18a)
8 B .
o (At-g--t-) Vs, for 7=1,2,
E(t’y: ”rS) =
8B1 (V2 Vi .
Efﬁ(-'é-t_"—__t—_) for i=3,4,
Y=,/ /ot=0 at t=a,b, (6.18D)
Yy, =W, /0y*=0 on y=0, (6.18¢)

and ¥Y,>0 as y—>— oo (6.184d)
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Assuming that the functions V', are known, we can obtain the functions ®,,(t, y, 7, S)
uniquely to within additive constants of integration from the equations listed below:

8D,y 16¥,\ 8/, B
ot sf’(t oy )+ (A+t2)v"1’
2
———-a(D‘m:aSi _1_____3111.42 +_8_ A+§ Vao+ 2Ba ___1_____8 V31+3 l%_z‘ﬂ ,
ot t oy ) a\” £ o B ot o
9Dqs al 19%¥ 4 132V31 13V31 Vsl
o fl(t oy )+2Ba Ear B ot )
90y 10y 10%s 10Vyy Vi
= oL (i) B p e
Qg5 _ 10W, (1Vyy Vi
= 28| =+ (5 ) |
8_ .(D41 — a3V2 13?41
oy =V -y )
1%\ pp, (18 18,
t at B oy tay
3(1)43: ( 13‘1”43 Ba __1% _1_8 Va1
t ot B oy totoy)’
( LAY O S R s
t oy totoy)’
00 _ _, (_1% 192"32)
oy B oy  atdy)’
10 (,0 o2
where v 15 (15 + 5 LO=v0-4.

The constants of integration for ®(¢,y,7,S) are to be determined so as to satisfy
the preservation-of-volume condition (3.1k):

(08, o b

=2 6.8)) +8| t04(,0,7,8)dt = 0. (6.19)
The functions A,;(t, 7, 8) and H,,(t, 7, S) satisfy

dﬁa}z 3 .

tdt( = ) —8H,;+ 8Dt ) =0, i=1,23,4, (6.20)

1d ( dH,, 2a° Wy - L
?E(tw) SH4,+S{<D4,£(t, 0,7,8)+—~ ey &0 n,S): =0, i=1,23,4, (6.21a)

1d (,dH,

m(t = ) SHy,+8D(t, 0,7, 8) = 0 (6.215)

and one pair of the four conditions (3.11).
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Two remarks on the dimensionless representation of the solutions are appropriate
at this point. First, the computation of terms in the perturbation solution proceeds
sequentially in the order given in the following flow diagram:

Vl(t’ ”)j

(D2‘£(t) 77)’ Hzi(t) U8 S)

¥
Z‘L(t’ 77) V3i(t) Y, W:S)
\ \F4i(t: Y, ﬂ:S)

v
(D4i(t’ ﬂ),ﬁ“(t,?],S) (I)4i(tay7 ”:S)’Hzﬁ(t’ 77’S)

We do not believe that the choice of dimensionless parameters embodied in (6.1)-
(6.4) is always the best possible. Our primary aim was to reduce the whole solution
to a sum over component functions which, as far as possible, are independent of
material parameters and depend on the minimum number of geometric parameters.
We found that some of these functions (V;(t), P4, (t), ®s(t) and @4i(t)) depend on 7; all
the other component functions depend on both % and 8. The § dependence can be
traced to the height-rise equations at orders two and four.

A second remark concerns the choice for the geometric parameters. A better choice
than the one made here uses the shear rate at the inner cylinder rather than Q as an
expansion parameter when 7 is near one. For any fixed value of 2, no matter how
small, the shear rate at r, =@,

@) 20

dr, - 1—772= 2Q

R, (6.22)

il

—-—Kk =0

tends to infinity as - 1. The perturbation solutions are then represented as follows:
QU(E) =RVp(t'), Q2Dy(t) = R2Dy(t'), QHyy(t) = RPHigp(t'),
OVt y) = RVaplt', y'), QWb y) = R¥ et ),
Dy (t,y) = RiQy(t',y'), QUH,(t) = K*Hg(t),  ete,

where (t',y') = (t/a,y/a), 1 <t' < 1/5. For example, Q¥ (t) = $k(— 7%+ 1/t').

7. Some properties of the solutions

It is almost impossible to give a complete account of all of the superpositions
possible among the functions of 9 = 8/6 and § = pgb?(1 —7)2/4T which are defined in
(6.1)-(6.4). To simplify this problem we have used the value

pg/T = 2825cm=2 (p =0-89gem=3, T = 30-9dynescm™!) (7.1)

which Beavers & Joseph (1975) report for a sample of STP at room temperature. This
parameter is nearly constant over wide ranges of temperature and has nearly the
same value in the different polymeric oils used in our experiments (STP-1, 28-25;
STP-2, 27-63; TLA-227, 28-43). With the value of pg/T given, all of the component
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functions which enter, by superposition, into the final solution may be computed
when the radii @ and b of the inner and outer cylinders are specified. To display some
of the properties of the solutions we have chosen the following three sets of physical
parameters: .

i) (@,8,8) = (0-635, 6-35, 231),

(i) @,6,8) = (4, 85, 143),

(iii) (4,5, 8) = (6, 8-5, 44),

where & and b are in centimetres. In the experiments of Beavers & Joseph (1975) the
radius of the outer cylinder was fixed at 15-25 cm and the radius of the inner cylinder
was varied, one value being 0-635 cm. We shall show that for a fixed value of @ the
climb near the inner cylinder is independent of 5 for values of b /& greater than about 5.
Thus we can compare the theoretical results from (i) above with the corresponding
experiments of Beavers & Joseph (1975).

The four viscoelastic constants which enter our solution up to order four also appear,
but only as coefficients in the superposition of the component functions.

A certain amount of numerical work of a routine kind is required in the computation
of the component functions. The height rises at orders two and four were computed
numerically using Runge—Kutta integration. The integrals defining the coefficients in
the series solutions at orders three and four were computed numerically using Simpson’s
rule. These computations are fully described in the thesis of Yoo (1977). In that thesis
the interested reader will find extensive tables of computed values from which we
have constructed the graphical representations given here.

8. The rise in height at second order

Equation (6.13) can be solved by the standard Runge-Kutta method for the
zero-slope boundary conditions Hj(a) = Hy;(b) = 0 for ¢ = 1,2. In fact, among the
four allowed conditions (3.11), only the flat-slope condition gives a solution which is
not singular at the contact line [see Sattinger (1976) and the discussion following (9.3)].

The height-rise problems for H,,(t) and H,,(t) depend on 7 and S. We first consider
the effect of changing S when 7 is fixed. We may regard S as a surface-tension para-
meter; when 7' =0 (S = w0), Hy(t) = Py(¢) and, when 7' = oo (8 = 0), Hy(t) = 0.
Without exploring further the details of the variation of H,, (¢, S) with 8, we assert
that |H,;(¢, S)| is an increasing function of § for most te[a, b] such that H,(t,0) = 0
and Hy(t, ac0) = D,;(t).

We next consider the effect of varying 7 when 8 = pg(h —&)?/4T is fixed. In experi-
ments this type of variation is obtained by keeping the gap size fixed and varying the
radii of the cylinders; @— 0 corresponds to a rod rotating in an infinite sea of fluid. When
S is fixed the inhomogeneous term S®,;(¢, ) in (6.13) varies with 7 and has mean value
zero. For small values of 3, ®,, and ®,, are approximately given by the terms which
are proportional to B%in (6.7) and (6.8). For example,

Do ~ _Q[gﬁ 277210g77]
2 at | 2 1—92 |
The term in the brackets tends to a?/t2 when 7 is small and a?/¢2is a decreasing positive
function with maximum value one, when ¢ = a. In addition, ®,; differs from zero
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Ficure 1. Height-rise functions H,(¢, 77, S) and H,,(t, 7, S) at second order satisfying (6.13) with
zero-slope boundary conditions, for three pairs of cylinders:

(a) (b (c)

4 (cm) 0-635 4-0 6-0
b(em) 6-35 8-5 85
7 (= a/b) 0-1 0-4706 0-7059
S 231 143 44

The height of climb is given by A = $Q24%g-1[H,,(t) + B, Hy,(t)]1 4+ 0(Q*). The fluid is assumed to
be the same as the STP sample used by Beavers & Joseph (1975), with pg/T = 28-25 ern—2. When
S is large and 7 is small, H,,(t) and H,,(t) differ sufficiently from zero only for ¢ close to a, while
when S is large and 1 —% -0, H,,(¢) and H,,(¢) are odd functions with respect to the gap centre.

substantially only when ¢ is close to a. For 7 near to one, ®,,(t) is nearly an odd function
with respect to the gap centre. Since H,,;(t) ~ @,;(t) when 8 is large and ¢ is outside the
capillary boundary layer on the cylinder walls, we may expect that when S is large
and 7 is small H,(t) differs substantially from zero for ¢ near a, and that when 8 is
large and 1 — 9 is small H,,(?) is close to an odd function with respect to the gap centre.
These features of H,, and H,, are evident in the graphs shown in figure 1.

Our main observation is that when 4 is small most of the climb occurs near the inner
cylinder and that this climb depends very weakly on the radius b of the outer cylinder.
Our calculations show that the climb near the inner cylinder is independent of the
position of the outer one when % < 1. In figure 2, we show that when @ is fixed and b
is increased the height rise near & becomes independent of  when @/b < }. The height-
rise curves for all values of b at fixed values of & and pg/T are barely distinguishable
from one another and from the limiting curve for 600 shown as figure 13 in the
paper of Beavers & Joseph (1975).
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Ficugs 2. Helght rise h = $Q212(r,) at second order for a fixed i inner radius @ and various outer
radii . HA(r) = G2g—t {Hay(t, 9, S) + Ry Hoyg(t, 9, 8)}; 0 = 2:9revs—1; & = 0-635em; f§ = 1-0gem-;
, experimental curve (Beavers & Joseph 1975).

® @) ] O A +
h (cm) 9-525 6-35 3-175 2-54 1-905 1-27
7 0-0667 0-1 0-2 0-25 0-333 05
S 559 231 456 257 11-4 2-85

Solutions with small yalues of 7 (large values of h when & is fixed) tend to a limiting value for
7=0 (b — ) when a/b < } (cf. figure 13a of Beavers & Joseph 1975).

Figure 3 shows how ARl(r) = a2~ Hy (¢, 7, 8) + Ry Hy(t, 1, S)] varies when bis fixed,
@ varies and S is large. The sensitive variation of the rise curve with 9 = /b is fully
described in the figure caption. We draw attention to the following remark. When
1—7 is small it is desirable to fix the rate of shear & given by (6 22) rather than the
angular velocity Q. The series solution proceeds in powers of K and A(r) = }hy(r) &
where

ho(r,m) = FRE(r, 7) (1 —9)% (1 + )2

tends to zero with 1 - 7. The nature of the difference in the variation of 4,(@, 5) and
H3(@, ) is made dramatically evident by the graph in figure 4, where it is shown that

Py, 0-3) = hy(@l, 0-6) = hy(8, 1) = 0.

In fact, hy(r,1) = O for & < r < b.

The analysis of the variation of the climb with 7 just given may help to explain
the seemingly confusing (but actually reasonable) experimental results of Peter &
Noetzel (1959), in which they claim to have reduced to zero the height of a climbing
fluid in a Couette apparatus by floating the climbing fluid on a bed of mercury. Their
figure 3 shows that they did not observe climbing of the pyroxyline solution in butyl
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Fioure 3. Height.rise coefficient A®(r) = @%9~*[H (2,9, S) + By Hgy(t, 9, S)] at second order for
fixed outer radius » and various inner radii 8. A ~ $Q2A9; § = 1.0gem™1,

(a) (b) (c) (@) (e) (N (9)

a (em) 1 2 3 4 5 6 75
N 398 299 214 143 86-6 44-2 7-07

The maximurmn rise is not always at the inner cylinder. For intermediate values of 3 ( = & /IA») the
maximum rise is in the interior. For small values of 3, the maximum rise is at the inner-cylinder
wall and the rise in the rest of the gap is small. For small values of 1 —# the distribution is anti-
symmetric with respect to the gap centre. The magnitudec of the rise k ~ }x%h; tends to zero with
1 —7 (soe curves for ky(r) in (f) and (g), and k() in figure 4). , B2 x 102 (em 82); ———, ky x 102
(cm s?).

acetate between concentric cylinders (& = 10-97cm, b = 16 cm) for various small
values of Q. The inner cylinder was situated in a mercury layer at the bottom of the
container to produce a state of pure simple shear in the body of the test solution. They
interpreted their observations to mean that the Weissenberg effect is either absent or
of smaller order in simple shearing flows. Their observation is correct but their inter-
pretation is not. They did not know that the climb is very sensitive to # and also to
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Ficure 4. Variation of height-rise coefficient at r = G as a function of 7(a) for fixed values of

b = 8-5cm, B =10gem-1and pg/T = 28-25cm2.

Q2
h= E!_hm (mm)

Rev/min
2-84 —0-006
4-57 —-0-015
7-42 —0-039
11-35 - 0-092
18-20 -0-236

TaBLE 1. Theoretical height rise of STP motor-oil additive on the wall of the inner cylinder for
a = 10-97cmn, b = 16 cm and various small values of Q.

the size of &, the inner radius (see figures 3 and 4). In fact, for STP in the apparatus
used by Peter & Noetzel, we compute, from (6.3) and (6.13), an almost negligible rise

in height (see table 1).
Their observations concerning the climb on non-circular cylinders also has an easy

explanation in terms of the induced spatial variations of shear.



554 J. Yoo, D. D. Joseph and G. S. Beavers

9. Circumferential velocity at third order

The circumferential velocity at third order is given by terms proportional to Q3 in
(5.40). The solution splits into two parts; one part arises from the perturbation of
viscometric flow, which is independent of z (or ) and is proportional to 7, and the
other part is driven from the free surface and depends on z and on f. This z-dependent
part of the circumferential velocity is the mainspring of the secondary motion; it is
responsible for the vertical stratification of inertia and normal stresses, which gives the
torque generating the secondary circulations.

The vanishing of the tangential component of the shear stress on the free surface
implies that (1.2) holds:

S~k (TS, =0 at z=h(r; Q). {9.1)

At first order (9.1) is satisfied identically because A9(r), A1(r) and S are identically
zero. At third order this equation becomes

S -3 (r) S =0 at z,=0. (9.2)
Since 8 = pov® /oz, and S = (@D Jore— vV /r,), (9.2) takes the form
0D Jozg+ BV (r) 6B/r2 =0 at 2z, =0, (9.3)

which can be identified with (5.13). Now at r, = &, v®(r,,2,) = 0; hence
ov@, zg) /02y = 0.

But (9.3) shows that ov3(@,zy)/0z, + 0 unless A% (@) = 0. If A2'(@) + 0, we can get a
solution which satisfies (9.3), v® (8, z,) = 0 and all the other conditions but fails at the
point (r,,2,) = (&, 0). This incompatibility of boundary data is true of (9.1) without
perturbations when the fluid is Newtonian and it would appear to be related to the
unsolved problem of adhesion of the contact line. In any event, we are now con-
sidering A2 (&) = 0, where there is no incompatibility and the solution, at least in the
Newtonian case, is regular even at the corner (Sattinger 1976).

Equation (9.3) shows that v(®(ry, zy) is an increasing function of z, for z, near zero
at each 7, for which A% (r;) < 0. In the typical climbing configuration when 7 is small,
this will imply that v(®)(r,, 0) is larger than the viscometric value 2§ (ry) to which »(®
tends when z, tends to —oo over the whole of the climbing bubble. We may write
(9.3) as

0 Q3 ,
| QD) + 57 (0P (1) + 08P (ro, 20)) | = — W (ro) BQ%/r} at 2= 0. (9.4)
0 :
Equation (9.4) implies that the circumferential velocity
~ Q3
Bro, 20 = 0, Q) = QI (ro) + 57 {07 (7o) + 057 (7o, 0)}
is larger than its asymptotic, viscometric value

Q3
Qui(rg) + 37 vg:’)(ro)

wherever h2'(r,) < 0. Since v{¥(&) and v$3(@, z,) both vanish, v(@,2zg; Q) = Qv (@).
We turn next to a description of the functions giving the third-order approximation
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Fiaure 5. Plots of Vy(t, 7) [ = v‘1(ry)/ Q4] for the three cylinder pairs of figure 1; Vy(¢, ) is given
by (6.5). These graphs show that the primary shearing motion reduces to potential flow as 7 >0
and to linear shearing motion as 7 - 1.

(6.1) to the circumferential component of velocity. The first-order contribution
Vi(t, 1) is given by (6.5), and graphs for three different values of 7 are shown in figure 5.
Forthe third-order contributions, ¥y, (¢, 7) isgiven by (6.6), Vs, (¢, ¥, 7, S) and Vyy(t, y,n, S)
are given by (6.15), and the eigenvalues A, () are given by (6.16). Graphs of Vars Vaa
and V,, evaluated on the free surface 2, = 0 are shown in figure 6 for the same three
values of 7 as figure 5. The computation and asymptotic properties of A, are discussed
in appendix E of Yoo (1977). The Fourier-Bessel coefficients B,,,, which are given by
(6.17) and which are needed for the eigenfunction series expansion, depend on §
through dH,;(t,u,8)/dt. The values of dH,;/dt were obtained as a by-product of the
numerical method applied to solve (6.13). Thus the integral on the right of (6.17) can
be computed numerically using Simpson’srule. The first 40 values of A,,(7) and B, (7, S)
for three different values of (77, S) are given in table 22.2 of Yoo (1977).

The accuracy of this computation can be checked by establishing the convergence
of the partial sums on the right of (9.5) to the edge data on the left:

6B de

= z B, 2, (A t). (9.5)

Yoo (1977) showed that the convergence is faster when 1 —7 is small and slower when

7 is small. In all cases, however, there is convergence with less than 60 terms.
Finally, we consider the total circumferential velocity on the free surface 2z, = y = 0:

v(r, h; Q) ~ aQV () + 3R [Vsl(t 0)+ B, Vso(t, 0)]
~ 86D(r)+ 5 (50 (r0) + 0§01 0). (0.6)

As an example we choose the values @ = 0-635cm,y = 0-1,8 = 231and f = 1-0gem™,
The value of v(r, h; Q) depends on K, { = x/{16(8;+ S5)}) and Q. In figure 7 we have
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F1cure 6. Components of the third-order correction to the circumferential velocity evaluated on
the free surface z, = 0 (y = 0) for the three cylinder pairs of figure 1. V,, is defined by (6.6) while
V,, and V, are defined by (6.15). In the limit as 7 - 1, all three components are symmetric with
respoct to the centre-line of the channel.

plotted (9.6) for Q = 4revs~! and different values of /i ( = f,+ f3;). Positive values of
4 mean that the fluid is shear thickening when the shear rate & is small. Negative
values imply a shear-thinning fluid. The circumferential velocity increases all over the
climbing bubble (A2 (r,) < 0) in all fluids except those which are very shear thinning,
i.e.in all fluids except those with large negative values of /i. Measurements reported by
Hoffman & Gottenberg (1973) indicate that this property of the solution may be
easily verified in experiments. Their figure 7 shows that the measured values of the
angular velocity of polyisobutylene in cetane in a concentric-cylinder apparatus with
4 =1-267cm,b = 3-827cm and Q = 47rads!are larger than the Couette-flow values.
The distribution curve of the measured values (when rescaled by multiplying by the
radial co-ordinate at each point to give the circumferential velocity distribution) is
like the one which the present theory would predict for a value of 7 which is negative
but not large in magnitude. Their figure 3 shows that the polyisobutylene solution is
shear thinning and the thinning seems to be moderate at low rates of shear.

Hoffman & Gottenberg also present an argument to show that the circumferential
speed at the free surface where A'(r,; Q) < 0 is larger than the z-independent value at
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Ficure 7. Distribution of the total circumferential velocity v(r, h; Q) on the free surface up to
third order for case (a) of figure 1; v(r, h; Q) = Qv<1>(ro) +(Q3/31) [vf3>(ro) +v§3>(r0,0)].& = 0:635¢cm;
7=01;8=231;F=10gem ;g = 150 P; Q = 4revsl.
(a) (b) () (d)
A (gscm™Y) 0-023 0 —0-0117 —0-057

Curve (e) shows the primary Couette flow Q-v<1>(ro). Only those fluids with large negative values
of /i (shear thinning) experience a decrease in speed due to nonlinear effects at third order.
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Fieurg 8. Distribution of the total viscometric flow v(r, —c0; Q) up to third order ag z >—
for the conditions of figure 7; v(r, — co; £2) = Qv<1>(ro) +(Q3/31) vf")(ro). When 2 = 0,

v(r, —o0; ) = Qv<1>(ro),

thus (b) represents the primary Couette flow.
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the same r which prevails deep in the fluid. They conclude, incorrectly, however, that
this z-independent field is given by Couette flow (p. 476) rather than by the z-indepen-
dent viscometric flow, which differs from Couette flow at order three by the term
v§3>(ro). The difference between the two flows is illustrated in figure 8 for the values of
/i used in figure 7.

10. Secondary motions

Secondary motions at fourth order are governed by the stream function ¥ (r,z; Q)
defined by (6.4). The component stream functions ¥,(t,y,7,S) satisfy (6.18). The
vertical stratification of inertia and normal stresses, which produces the torques and
drives the secondary motions in the planes 6 = constant, is embodied in the driving
term 0F,/dy of (6.18a).

We solve (6.18) by the method of biorthogonal eigenfunction expansions discussed
in the appendix. It is first necessary to reduce (6.18) to an edge problem in an annular
trench. In preparation for this reduction, we write

oF, (At+ ) S Bi.Aexp(A,y) 6 (AL, 1=1,2 (10.1a)
% W z By_snnexp(A,y) (d%g"t)—%(?"t)), _3,4, (10.1b)
and set Wty 8) = Vot y,7,8) + Vit 4,7, 9), (10.2)
where L*¥,, + 0F, /oy = 0, (10.3a)
V,=0¥,/0t=0 at t=ab (10.3b)
and 2"}\"4,- = 0, (10.4a)
¢, = o, JA=0 at t=ab, (10.4b)
‘iﬁ,ﬁ‘?’% 2V, +¥,)/ 02 =0 on y=0, (10.4¢)
¥ T" >0 as y—>—o0o. (10.44)
We find that
Y B, exp@A,y) &), i=1,2, (10.54)
Fyty)={""

3 Bianexput)bault) i=34, (10.5b)

where Einlt) = g,.n(t)+él Qi Gint), j=1,2,

Ernlt) = ‘iu—(g At -2 o (t1og 500 +;\1;%0(/\nt)) ,
B

an(t) = 5_22,”0(,\” £),

with CoAnt) = Ji(A, 0) Ty t) = A, 1) (A, )
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(Gln(t)) — t("l("n t)) (G3n(t)) — tz (J;)(A'n t)) .

Gan(t) Yi(A,0))7 \Ga(t) Yo(A, 1)

The constants @, (j = 1,2) are uniquely determined by the boundary conditions
(10.35):

and

£5u(0) = Eul@) + £ @y Gra(a) = 0, (10.60)
u®) = Eu0)+ £ Qe Ginl®) = 0, (10.6)
Enl@) = Eiu@)+ . Qe Giula) = 0, (10.6¢)
Ein) = Enl®)+ 3 Qss Giald) = O (10.60)

The canonical edge problem for ‘/I\”M is defined by (10.4). Using (10.5), we may
rewrite the edge conditions (10.4¢) as

2%, (t, 0)

224,,(0)
fi(t)) oy? i " .
- R =— Y B. =1,2, 10.7
(o o1o%,0,0 T 5T d1ag0) (10-74)
ott ot dt t dt
&, (1,0
o —ay‘——) I LY
t = — B, y = 3, 4. 10.7b
(gi(t)) a 16‘1”41(t 0) ,El =2 d 1dg,,(t) r b ’ ( )
3tt ot dtt dt

The solution of this Stokes-flow edge problem is the same as the one given by Yoo &
Joseph (1978) when the data vector, with components f(t) and g(t), is replaced by
(10.7). Therefore

= § szexp (Pm y) ¢(m)(t

where  ¢{™(t) = A{t(P, t>+A;m>tY1(Pmt)+Asm>t2Jo(Pm t)+ AV Yo( By )

are biorthogonal eigenfunctions with constants 4™ and complex eigenvalues P,
chosen (uniquely) such that

${™(a) = ¢{™(b) = dP{™(a)/dt = d¢{™(b)/dt = 0.

The first 30 values of P, () for three different values of 7 are given in table 23.1 of
Yoo (1977). In table 2 we have given the first five values of P, () for three values of .
The constants C;,, are chosen to represent the edge data at y = 0:

2%, (t, 0)

fz(t) _ 3y2 @ ¢(1m)(t)
(gi(t)) S \,21 ¥, t,0) ] Z O (¢<2m>(,))- (10.8)
ot ot
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m Re (P,(1/10)) Im (P,(1/10))
(a)

1 2-20833076225827 1-04119174170651

2 3-83365774050931 1-31696443616135

3 5-43106064681606 1-49912014659564

4 7:01699724709610 1-63478530623688

6 8-59721592756949 1-74244686387722
()

m Re (F,,(4/8:5)) m (F,,(4/8:5))

1 2-12450992720923 1-11492116235026

2 3-76107821933820 1-37920072184694

3 5-36548413171664 1-54850353040378

4 6-95735569305069 1-67405570026184

5 8-51282244577007 1-77407454902532
(0

m Re (P,,(6/8'5)) (Pn(6/8:5))

1 2-11033277215611 1-12312200135300

2 3-75149711564217 1-38332821070635

3 5-35323055726337 1-55098791095229

4 6-95153303253042 1-67571835529977

5 8-53796706049070 1-77526802935806

TaBLE 2. The first five values of P, () for the three different values of 7.
(@) 7 = 1/10. (b) 7 = 4/8:5. (c) 7 = 6/8-5.

Application of the biorthogonality conditions (A 13) to (10.8) and integration by parts
lead to

Con = 7= | [ 220 80— 9700 | - £ Buniatt]

L]

Cim = KLU?‘[ Plt) — S ()] [— 5 Bi_g,né'z,,(t)]dt

B DAL ] } i=1,2, (10.9q)

n=1

+J-b¢§":(t)[_nngi_z,n/\ié’zn(t)]dt}, i=3,4 (10.95)

a

™m) (m)
where (t) = 4‘;1)& tJy (P, t)+ ‘;1)4 tY,(P,t).

We note that the edge data (10.8), and thus the integrands in (10.9), are expressed in
geries forms. We simply truncate these series after N terms or, for small values of
7 (e.g. 7 = %), take the Cesaro sum over N partial sums of these series, where N is
large enough to ensure that each series is well represented. The integrals in (10.9) are
then evaluated numerically using Simpson’s rule. The first 30 values of C,, (7, S)
(¢ = 1,2, 3, 4) for three different values of (7, 8) are given in table 23.2 of Yoo (1977).
Since the edge data f(t) and g(¢) are C*[ — 1, 1] and f(a) = f(b) = f'(a) = f'(b) = O the
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Ficure 9. Convergence of the biorthogonal series (10.8) to the edge data (solid line) for the three
cylinder pairs of figure 1.

(@) (b) (@
_a 0-635 40 6:0
=3 6-35 85 86
S 231 143 44
1 200 N 100 60
f©) — X (— 2 B, A §1,.(t)) - 2 B A G — 2% B A .0
200 N=1 n=1 n=1 n=1

Convergence is rapid when the data do not rise too steeply near the wall. M: +, 1; O, 5; W, 20;
@, 40.
19 FLM 92
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F16Uure 10. Contours in the dimensionless reference domain of the components (10.10) of the total
stream function Wy(t,y) = By W, + Ry + Ry Wy + R, Wy, The contribution R, ¥, + R,¥,, is
associated with the vertical stratification of inertia represented by tho penultimate term in (6.4),
while R,V + B, 'V, is associated with the vertical stratification of the normal stress represented
by the last term in (6.4). Since the sign of the corner eddies of ¥, and V', are opposite to those of
¥, and ¥, superposition of solutions can lead to widely different maps of the contours of the
total stream function. 7 = 0-635/6-35; S = 231.

convergence theorem of the appendix holds and the series (10.8) eventually converges
uniformly and absolutely at a rate better than the numerical series Zn-2. In figure 9
we give some representative examples of how the biorthogonal series (10.8) converge
to the prescribed edge data f;(¢) defined in (10.7). In this figure ¢ = 1 (the convergence
result is the same when ¢ = 2, 3, 4), and M is the number of terms in the biorthogonal
series which is necessary for acceptable convergence. The number M increases as 7
decreases. Convergence to the stream function given below is uniform and absolute
at a rate faster than the numerical series Zn—4:

@ P =]
Fulty) = 3 Cp Z2E2 200 + 5 Biuexp ()Gl (10.100)

@ P @
Folty) = 5 O ZBa2 B g0+ 5 Bruoxp u9) 6l (10.100)

Fultt) = 5 Con 22D $00) + £ Bruexp () Gult),  (10.100)

il exp(F, - =
Yyt y) = Eo Cim _pj(;z—y“) B (t) + ;1 By exp (A, y) Eon(t). (10.104)

We have plotted the contours of the four functions defined in (10.10) for three
different values of (7, S) in figures 10, 11 and 12. The total stream functions formed
from the component functions of figures 10-12 are shown in figures 13 (a), (b) and (c)
respectively, where realistic values of , and ¢, have been employed.
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To obtain the level lines of the secondary motion in the deformed domain we must
invert the mapping of the deformed domain into the reference domain. This inversion
is accomplished in two steps; we first reintroduce the physical variables

(o, 20) = 36— 8) (2, 9),

then we invert the shifting transformation (4.5). The inversion of (4.5) up to order
four can be completed after we compute 24, For now, our main observation is that the
secondary motion in the climbing bubble, where the motion is most intense, becomes

19-3
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independent of b when 7 = /b < 1. The reader may verify this statement by checking
the flow in the upper left-hand corners of the two pictures in figures 14(a) and (b),
where & = 0-635cm, b = 3-175cm and & = 0-635 cm, b=635cm respectively.

11. The rise in height at fourth order

To obtain the height rise at fourth order it is necessary to calculate the pressure
distribution at fourth order, which has two parts. One part is independent of z (or y)
and is induced by z-independent viscometric flow and depends on £ and . The other
part, which is dependent on 7 and z, is induced by the combined effect of the z-
dependent part of the circumferential velocity and the secondary motion in the
azimuthal plane. The component functions of the first part have already been obtained
in (6.9)—(6.12). The component functions of the second part may be obtained by
integration of the equations preceding (6.19) once the stream functions W,(¢,y) are
known. We find that

Oyt y) = a? i; Com [6XD (B ) Xm(t) + D]

+ ElBln[exp(/\ny)qln(t)+Dln] — oy, (11.1)
ne
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The identification of the contours of the stream function in the upper left-hand corner of the two
diagrams indicates that the streamlines in the climbing bubble become independent of & when

a/b <t

Dt y) = a‘"‘{_Z Comlexp (B, ¥) Xm(t) + D, 1+ ; B,,[exp (A, Y) 414(t) + D1,]

+ 3 Buyexb (A1) gonlt)] = Hons (112

Dt 9) = | T Conlexp () ) + D)

+ éle[eXP Ay an(t)+D2n]:—Jf‘13’ (11.3)
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Figurg, 15. Component functions of the height-rise coefficients at fourth order appearing in
(6.3): H“(t 7,8) (:=1,2,8,4); H,(¢,9,8) (j = 1,2,3,4,5). @ = 0:635cm; b = 6-35cm; S = 231.

Ouult,y) = aS{ 3, Cunl€XD (P t) Xm®) + D]

+7§1 B,,[exp (A, ¥) gan(t )+D2n]} s (11.4)

DL, y) = a® §1 By, exp (A, ¥) @s,(t) — 3, (11.5)
where
Xm(t) = 2PZH{AS™ Jy( B, t) + A{™ Yo( B, t)},
A 8 2B2
Q) = ;{—A—%mnt>+%mnt>} B 0 ) + 20, {Qu A )+ Gua A ),
Qon(t) = 22,{Qu3 J5(Ant) + Qos Yo(A, 1)},
B A,
I3n(t) = ;{;ﬁ%(/\nt)——tr(go(/\nt);,
2 2 (m) {m) b
Dpn=-p—m 7 [H{A45™ Ji(Pnt) + A5 Yi(Fr )} e
2 A 4t2 2B 2 b
Dln = _m [ o()l t) al A—n%o()‘nt)‘f' 2t{Q13J1(An t) +Q14 Y1(Ant)}]a,
D,, = [2t{Q23 (Ant) + Qo 1h(A,8 }]b

Extensive tables of values of the functions ®,,(t, 0) for three different values of (3, )
and of the functions (1)4,( ) for three different values of 5 are given in tables 24.1,
24.2 and 24.3 of Yoo (1977).
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The inhomogeneous terms of the equations (6.21) for the height rise coefficient can
w be computed from (10.10) and (11.1)-(11.5):

2a3 02V, (¢, 0 s © n
(D‘n(t’o)'f'%_ﬁ‘) = aa{_z Cim Bm(t) + Z_:IBQO(t)} - (11.6)

2a3 02 t’ 0 @® @® N @©
Dut, 0+ 2 = ] 5 Con 20+ 3 B+ 3 Brnsn) - Hi
(11.7)
2a3 02Y ,4(t, 0 @ hd N
D¢, 0) +Ta "—%y‘) =a® {_2::0 Cam Bm(t) +n§1B1n an(t)} — Hja (11.8)
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2a3 W, (¢, 0) ®
¢ ’—a%"ar {E CAmfm(t E

ult, 0) + B2,.c.72,.<t>}—9i';4,

D,.(t,0) = a® E1B2" Ganlt) — s,
Am
where

6
Bn(t) = AL Jo(But) + AL Yo( B )} + 5~ {457 Jo( B t) + Af™ Y P )}

— 2 T(By )+ 4G Vy(Bot)) ~ gy oo

(11.9)

(11.10)

APT [H{A S (P, 8) + A™ Y (B, 1)L,
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éln(t) = &4‘; { - 18_ %O(An t) + 8t(gl(An t) + 2An tzgo(An t)}

2B 2 { G0+ 24, log L6, (A, t)}
+ 222{Q11 Jo( A5 ) + @12 Yo(A, 1)} + 62,{Q13 Jy( A £) + @14 Yo(A, 8)}
— 222 t{Q13Y1(A,. £) + Qg Y1(A, 8)}

A4 412 2B2 b
“gg'—"[“a]it "K(A t) o(A ¢ +2t{Q13 1(/\ t)+Q14Y(’\ t)}] ’

(fzn(t) “‘"’EE'— (" ¢ +2A2{Q21 " t)+Q22 ( )}
+ 62,,{Qg3 Jo( A, 8) + Qs Yo(A, 1)} — 243 t{Qza J1(A,8) + Qo Y1(A, 1)}

S A, 8) + Qo T1(A, 1)} 5.

The four component functions satisfying (6.20) and five component functions
satisfying (6.21) for the boundary conditions H'(a) = H'(b) = 0 are plotted in figures
15-17 for the three different values of (3, 8) that have been used in the previous
figures.

Various superpositions of these component functions define the shape of the free
surface up to order four. These superpositions are discussed next.

12. Determination of the numerical values of the rheological
constants up to order four

In principle we can determine the material constants 4, &, £, £ and § by comparing
theory and experiment. When these constants are known the distribution of circum-
ferential velocity, secondary motion and height rise up to order four are uniquely
determined. We now turn our attention to some methods for converting this point
of principle into a practical technique for rheometrical measurements.

The constant x can be determined by simple torque measurementsat thelowest values
of the angular velocity. We shall suppose that 4 is known. Then the nonlinear response
of the fluid up to order four is determined by the values of the four rheological constants
=30, + 209, & = ay+ay, fi = f3+f3 and § = y;+ 7,4+ V5 +2vs which appear in the
fourth-order theory of the Weissenberg effect. These constants may be determined
sequentially. We first find £ from height-rise measurements at the smallest values of
the angular velocity Q. We may then determine % from the distribution of circum-
ferential velocity at the smallest values of Q. The two remaining constants & and §
can then be determined by measuring free-surface profiles at slightly larger values of
the angular velocity. In this way all five constants which characterize the Weissenberg
effect up to order four can be determined from experimental measurements by use of
the Weissenberg effect alone.

The rheometrical method just described can be carried out in practice, as we show
below, but it is a time-consuming and delicate method.
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Ficure 18. The static rise A,(r) satisfying the nonlinear surface-tension equation (12.3) for the
sample of STP used by Beavers & Joseph (1975) to generate the experimental data shown in
figure 22. P, = —tan 55°; Py = 0.

12.1. Determination of &, ¥ and a by profile fitting

In our first comparisons of theory and experiment we used data collected by Beavers
& Joseph (1975) for STP. Unfortunately, circumferential velocity profiles were not
measured by Beavers & Joseph, so that three constants must be determined from
the measured height-rise curves. The experiments were performed with circular rods
of small radius & rotating in a circular container of radius = 15-25 cm. We confine
our attention to the experiments with @ = 0-635 cm. In their experiments Beavers &
Joseph coated some rods with Scotchgard, while other rods were uncoated. The coated
rods are better suited for comparisons with theory because the coating essentially
eliminates the static rise and allows the assumption 4'(8) = #'(6) = 0 of the theory to
be satisfied. Unfortunately, Beavers & Joseph have very little data on climbing onto
coated rods in the range of angular velocities of interest in the higher-order theory.
For uncoated rods we are therefore forced to use the ad hoc procedure of adding to
the total rise due to motion a static rise computed from the nonlinear surface-tension
equation using experimentally determined contact angles.

The raw experimental data which we shall now use are shown as a solid line in the
eight frames of figure 22. The dashed lines are from the second-order theory:

h(r; Q) = hy(ro) + $H)(r,) Q2. (12.1)

Beavers & Joseph (1975) found that the second-order theory (12.1) could be made to
fit the low angular velocity data (v < 3revs™?), if

f=10gcem (12.2)

(see their figure 9 and table 1). For the uncoated rods, a static climb 2 = A, when Q = 0

has been added in (12.1): h(r) satisfies the nonlinear surface-tension equation

T rhy ! , e
7 ((T—}—Th—;z-)—;) ——pghs = C, hs(d) = .1)1, hs(b) = P2’ (12.3)
where P, and P, are taken from measured values of the contact angle and C is a
constant chosen such that the volume average of 4, is zero:

bp, ap bz —az
- = 2.4
T(u P (1+P§)i) = (124)
The static rise for P, = — tan 55° and P, = 0 (roughly a mean value for the uncoated

rods mentioned in figure 22) is shown in figure 18.
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We now consider the experimental results in the light of fourth-order theory:
1 1
h(r; Q) = hs+2—! h[2192+4—!hf41£24. (12.5)

To compare (12.5) with experiments it is necessary to choose the values of the three
remaining rheological constants &, 7 and § on which A4)(r) = hi4l(r, &, £, i, #) depends.
A method for determining the values of these constants will now be discussed.

The constants to be determined are such that the theoretical and measured rise
ourves agree over the largest interval of values of €. The theoretical expression (12.5)
for the height may be written as

a(Q\2
s ) = ) +5 (5o (Halt 1,8+ oot )

2
+ Tf? (At 7,8 + By Hyglt, 7, 8) + By Hyglt, 7, 9)]

Q2 Q)2
+ 1o BBt 1.9)+ 75 () Hat,.8)+ BaHt, 7, 8)
0

+R3H43(t,17,8)+R4H44(t,77,8)+R5H45(t,77,S)]}, (12.6)

where, for the STP motor-oil additive used by Beavers & Joseph, the following
quantities are known:

g=980cms2 p=089gem3 T =2309gs% x=150gcm1s],

(@,6) = (0-635cm, 6-35 cm),}
=g/8 = 154x 10382, 8 = pg(b—a)2/(4T) = 231,
R, = 48/(p@%) = 11-15, R, = R} = 124-2.
The unknown quantities which are to ke determined from the experiments are
Ry =48/(p8%), R,=RyR;, K,=p/(167), K, = B/(3369).

In figures 19-21 we have plotted the functions

5 3
‘21 RiH4i’ .21 R‘L' ﬁt]i’ R2 ﬁtﬂ
i= i=

for various values of & for a fixed value of § = 1:0gem=1 and &, < 0 (see Coleman &
Markovitz 1964). Thus for each choice of & (with a; < 0) we looked for values of 2
and ¥ which best fit (12.6) to experimental data. We were able to come near to the
data only when 0-8 < & < 1-2gem~!. For values of & outside this range it was not
possible to fit the profiles shown in figure 22. We required that the selected values of
9 and Z should not destroy the agreement between theory and experiment when
w < 3revs~! but should give a proper correction when w = 3 and w = 4revs~!. With
a certain degree of uncertainty (about which we are unsure) we opted for the values

& =10geml, 4 =-00117gscm~l, § =-05363x 10"5gs2cm~l. (12.7)

1 In the experiments b was actually 15-25 cm. But we have already seen that the climb at the
mner cylinder is independent of b for b /4 > 5, s0 all our calculations have been carried out for
b=104.
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Ficure 19. R H,,+ R, H;,+ R, H ;+ R, H,, + R, H,; for the STP used by Beavers & Jc:\seph (1975),
evaluated for various assumed values of & (= a,;+&,) and «,. & = 0-635¢cm; b = 6-35¢cm;
B(=3a,+20,) =1-0gem; B, = 1; Ry = 11-15; R, = 124-2; B, = 4d4/pa%; R, = R, R,.

(a) (®) {c) (@) (e) ) (9)

& (gomY) 05 0-8 1.0 1-2 1-5 18 2:0
a, (gem1) 0 —0-6 —1-0 —14 —2:0 —26 -390
R, 5-57 8-92 11-15 13-38 16-72 20-06 22-29

Using these values in (12.6), we plotted the height rise (12.5) as closed dots on figure
22. As a comparison, for cases with higher angular velocity, we have also added the
best-fit curves obtained from two other sets of values for (&, 2, 7).

There seems to be a region where fourth-order theory works fairly well. Naturally,
as we increase € (or k), no matter how carefully we choose the constants, the theory



Higher-order theory of the Weissenberg effect 573

! Rifai(1)

3
z

i

{ | I I | J
0-222 0-322 0-422 0-522 0-622 0722
¢
Ficure 20. R, ﬁ“ +R, ﬁu +R, ﬁ“ for the conditions defined in figure 19.

4-0 —

30

|l llll'll

ol v o v Ly
0-522 0-622

v0-222 0-322 0422

t
Ficure 21. R, H,, for the conditions defined in figure 19.



574 J. Yoo, D. D. Joseph and G. S. Beavers

0-95

T {0ial-at-gd-d4 | | | )
0 ot 02 03 04 05 06 07 08 09 10

h (cm)

10
05
2-50
i il v
Lot 4ol YT )y
0 0-1 0-2 03 04 05 06 07 08 09 1-0

r—a (cm)

Ficure 22 (part 1). For legend see p. 577.

fails to agree with the experiment because the effect of terms of order higher
than four must be taken into account.

12.2. Determination of fi by direct measurement of the circumferential velocity

It is possible to use experimental measurements of the circumferential component of
velocity v(r, k) evaluated on the free surface (z, = 0, z = &) to determine the constant
/i once f is given (see figure 7). In fact, as we mentioned at the end of § 9, circum-
ferential velocity measurements have been reported by Hoffman & Gottenberg (1973)
for a solution of polyisobutylene in cetane (see their figure 7). Once / has been deter-
mined, we may determine the other two constants, & and 7, by fitting theoretical
height-rise profiles. To investigate the feasibility of this procedure and to check the
validity of the procedures used in §12.1, we measured circumferential velocity
profiles in three fluids by methods described below.

The central part of the apparatus consisted of a large vat of fluid in which a vertical
circular rod was made to rotate about its axis. The rod was driven from below by an
Electrocraft Motomatic Type E-550 d.c. servomotor with a feedback control system.
The upper end of the rod was accurately aligned by means of a spring-loaded cone
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Fieure 22 (part 2). For legend see p. 577.

bearing set in a transparent Plexiglas plate. Rotational speeds were measured by
means of a light source and photomultiplier tube connected to a digital counter, and
ten reflecting surfaces on the drive-shaft connecting the motor to the rod. Surface
circumferential velocities were measured by a technique similar to that employed by
Hoffman & Gottenberg (1973). The fluid surface was illuminated with two General
Radio Strobotacs driven in synchronization at a predetermined flashing rate by means
of a Wavetec function generator. Small aluminium particles in the size range 0-15—
0-30 mm were dropped on the surface and multiple-image photographs were taken with
a Nikon-F 35 mm camera incorporating a Nikkor 500 mm catadioptric telephoto lens.

Three different rods were used in the experiments, with radii @ of 0-4775, 0-6312 and
0-9525 cm. In addition, three fluids were used, consisting of two different samples of
STP (polyisobutylene in a petroleum oil) and one sample of TLA-227 (a methacrylate
copolymer in petroleum oil, manufactured by the Texaco Qil Company). The density,
surface tension, shear viscosity and climbing constant # were determined by the
standard procedures described in Beavers & Joseph (1975), and are summarized in
table 3.
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Ficure 22. Comparisons of experimental profiles with theoretical predictions for a rod of radius
0-635 cm rotating in a large vat of STP. The experimental results are from Beavers & Joseph

(1975). , experiment; ———, second-order theory (12.1) with ,3 = 1-0 g emm~1. Three curves from
fourth-order theory are also given:
& (gem™) A (gsem™) ¥ gs*em-)
o 1-0 -0-0117 —0-5363 x 10
@) 1-2 0-01197 —0-3618 x 104
0-8 —0-03333 —0-8960 x 10-%

The comparisons are identified by the rod rotational speed (revs-!). The fourth-order theory
gives the proper correction to the second-order theory for @ = 3 and 4revs—!. The best fit of
fourth-order theory with experiment occurs for the closed dots. For w > 4revs~! the fourth-order
theory no longer agrees with experiment because higher-order terms must be included.

Our first measurements of circumferential velocity were made using the 0-9525 cm
rod in the fluid STP-1. The variations of ecircumferential velocity with radial position
for two rod rotational speeds are shown in figure 23. We then used (9.6) to search for
a value of 7 such that the circumferential velocity distribution predicted by (9.6)
gave the best fit with the experimental data for the lower of the two rotational speeds
[curve (a) in figure 23]. This value of z was then used in (9.6) to predict the circum-
ferential velocity distribution at the higher rotational speed [curve (b)].

For the experiments with STP-2 and TLA-227 all three rods were used in each
fluid, and data were recorded at either three or four different rod rotational speeds.
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Fluid STP-1 STP-2 TLA-227
Average temperature 23-0 21-9 22-2
during experiments (°C)
Density, p (gcm—3) 0-890 0-866 0-896
Surface tension, 30-9 30-7 30-9
T (dyne cm™1)
Shear viscosity, 4 (P) 150 90 320
Climbing constant, 1-42 0-89 236
B(gem)

TasLe 3. The parameters characterizing the fluids used
in the circumferential velocity experiments.

v(r, ) (cms™)

02 04 06 08 1-0 I-2 1-4 1-6 1-8
r—a (cm)
Fioure 23. Comparison of measured circumferential velocities on the free surface with values
predicted using third-order theory (9.6) for STP-1 (see table 3). & = 0-9525¢cm; f = 1-42gem™};
= —0-030gsem™.
{a) (®)

w (reval) 2-52 348

The circumferential velocities measured in STP-2 and TLA-227 are shown in figures
24 and 25 respectively. Our procedure for the determination of /i was to use (9.6) to
locate the value which gave the best fit with the experimental results for the two
lowest rotational speeds of the 0-9525 cm rod. We fitted the calculated curves to the
experimental data at two rotational speeds because the calculated distributions are
more sensitive to changes in 7 as the rotational speed is increased. Having found &
value for 7 for each fluid in this way, we used these values to compute the theoretical
circumferential velocity distributions corresponding to all the remaining experiment-
ally measured distributions. The agreement between the measured and predicted
velocities is extremely good at all rod rotational speeds except the highest for each
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rod. It is clear that at a particular temperature there is a single value of % for each
fluid, and that this is only a property of the fluid and not of the rod size. At the highest
rotational speeds the predicted values appear to agree quite well with the measured
values away from the rod, but close to the rod (9.6) predicts circumferential velocities
which are higher than the measured values. These rotational speeds are outside the
region of validity of the third-order perturbation theory.

13. Secondary motions in the deformed domain

We now describe the secondary motions which are generated in the deformed
domain. In order to present a quantitative discussion we shall again consider the
experimental results used in §12.1, in which a circular rod (@ = 0-635 cm) rotates in
a large vat of STP for which the rheological constants up to order four have been
determined and have the values given by (12.7). The height rise is then given by
(6.41¢), or equivalently by (6.3). Using (5.41c¢), we write A(r; 2) as an even polynomial
(12.5) of fourth degree in 2 consistent with the order of approximation of the analysis.

The distribution of circumferential velocity is given up to terms O(Q3) by (6.1).
On the free surface z = h, we have y = az,/a@ = 0, so that the circumferential velocity
distribution on the free surface is given by

3
olr, 13 0) = BOF, 1)+ 55T [ ot 1) + 05 Fia(t.0,7, 8)+ BaFaa, 0,2, ],

(13.1)

where ¢ = ar/d. Using the values given by (12.7), we may represent the graph of
(13.1) by the curve labelled zZ = —0-0117gscm™! in figure 7. In figure 26 we have
plotted this distribution on the actual deformed domain associated with (12.5).

To obtain the velocity and pressure fields in the deformed domain where the real
flow takes place, we must invert the shifting transformation (4.5):

2 4
Zg=2— (k“i + %— R3B(ry) + % h“](ro)) .
We then have the secondary motion (6.4) in the form

pgp(r,z; Q) 41 2
pae Q4 - i§1 Ri III'tli(t’ Y, ”,S)
a a

4
- S R¥(§r3l-hs L 08) = Fnm0), (132

where h(r; Q) is given in terms up to order four in Q. The contours of {/(, z; Q) in the
deformed domain
. QZ Q4
Vg = [r,zla <rgbh, zg hs+—2—!—h[21(r)+—ﬁ~h[4l(r)]

are shown in figures 27 (a) and (b), where (b) is a magnification of the boxed region
shown in (a). These representations are not merely sketches; they are uniformly
scaled representations of the free surface and secondary motion up to fourth order
which are predicted to occur when the parameters have the values assumed by (12.7).
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F1GURE 24 (a, b). For legend see facing page.

Our computation shows that when 7 is small (say 5%;) there is a primary eddy at
the top of the annulus with a counterclockwise circulation. The circulation is most
intense under the climbing bubble and draws the fluid near the free surface in towards
the rod while forcing the fluid lower down away from the rod. This direction for the
circulation runs against uninformed intuition; intuition suggests that the fluid in the
bubble represents an accumulation from a clockwise circulation which drives the
fluid up the rod. Intuition fails because the bubble is held up in the first place by static
forces associated with the circumferential shearing motion (not the secondary motions)
and the secondary motions are driven in an anticlockwise sense by the ‘big torque’
associated with the vertical stratification of inertia and normal stresses.

In the region where fourth-order theory holds, we may compute the radial and
vertical components of velocity from (3.4) and (13.2):

w=r10Y(r,2) /02, w=—r10Y(r,z)/or. (13.3)
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Figure 24. Comparison of measured circumferential velocities on the free surface with values
predicted using third-order theory (9.6) for STP-2 (see table 3). f = 0-89gcem—1; & = —0-010gs
cm~1. The curves are identified by rod rotational speed (revs~1).
(a) (b ()
& (cm) 0-4725 0-6312 09525

The value of i was chosen by finding the best fit between theory and experiment for the two
lowest rotational speeds of rod (c).

We consider the radial and vertical components of velocity on the free surface
z=h(z,=y=0):
Qipat & ., a?0¥ (L, 0)

u(r, h; Q) = ZTEEIR,- T oy (13.4a)
Loy Qipat & a?d'¥,(t, 0)
w(r’h’Q)—ZT;gi=1Ri(_T—_8t—_)' (134b)

Then we may combine (13.1) and (13.4) to find the distribution of the speed on the
free surface. We find that the secondary motion makes the fluid wind up on the free
surface of the bubble and sink near the rod. These predicted features of the motion
are verified by our experiments in all cases provided that Q is small enough. For
example, figures 28 and 29 (plates 1 and 2) show the motion, viewed from above, of
aluminium flakes on the surface of STP and TLA-227. The flakes start well outside

the bubble and slowly spiral inwards to the rod, moving up the free surface of the
bubble.
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FIcURE 25 (a, b). For legend see facing page.

At higher angular velocities the experiments by Saville & Thompson (1969),
Hoffman & Gottenberg (1973) and ourselves indicate the development of a ‘little
torque’ in the bubble, but not in the body of the fluid, which drives a ‘little clockwise
eddy’ on the top of the ‘big counterclockwise eddy’ in the body of the fluid. The
presence of two eddies probably correlates with the persistent indentation of the free
surface which is nearly always observed in climbing experiments when (Q is large.
The fluid now moves down the free surface towards the outer edge of the bubble. This
motion is shown in the photographs in figures 30 and 31 (plates 3 and 4), which were
taken during the same experimental runs as figures 28 and 29 respectively. Aluminium
flakes, which were initially deposited on the bubble next to the rod, spiral to the outer
edge of the bubble, where they disappear from view below the free surface of the
fluid.

The two different situations, one for small values of Q and the other for larger values
of Q, are sketched in figure 32. The explanation of these two regimes of flow may be as
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Ficure 25. Comparison of measured circumferential velocities on the free surface with values
predicted using third-order theory (9.6) for TLA 227 (see table 3). § = 23-5gem—14; i = —1-10gs
cm~1. The curves are identified by rod rotational speed (revs—1).
(a) (b) (c)
a(cm) 0-4725 0-6312 0-9525
The value of i was chosen by finding the best fit between theory and experiment for the two lowest
rotational speeds of rod (c).

follows. For small values of Q, the flow develops in just the way predicted by the
perturbation theory up to order four. At larger values of Q, outside the range of the
perturbation theory in general, the bubble height increases to such an extent that the
basic distribution of circumferential velocity changes from a kind of vertically
stratified viscometric flow to something more akin to a solid-body rotation. The
alteration in the circumferential velocity is a consequence of the fact that the free
surface, which is now more steeply inclined to the vertical, cannot support shear
stresses and, hence, cannot oppose the tendency of the rod to rotate the tall bubble as
a solid body. The resistance to such solid-body rotation comes from the velocity field
in the body of the fluid below the bubble. Because the shearing in the bubble is
diminished in the high bubble, the distribution of shear stresses which generates the
‘big eddy’ is altered and the ‘big torques’ in the bubble first diminish and then, in a
weak state, change sign. But the ‘big eddy’ below the bubble is still driven by the
same torques arising from vertical stratification of the viscometric flow, and the
‘big eddy’ then drives the little one. At the point on the free surface where the two
eddies are joined thereisasuction which indentsthe free surface. Infact, the indentation
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Fieure 26. The distribution of circumferential velocity superimposed on the actual deformed
domain for the fluid (STP) used for the comparisons of §12.1. & = 0-635cm; = 1-0gem™;
d=10gem 2 =—-00117gsem; Q = 4revs-l,

can become ‘cusp like’, as shown in the photographs in Beavers & Joseph (1975),
Saville & Thompson (1969) and in figure 4 of Hoffman & Gottenberg (1973).

This work was supported by the U.S. Army Research Office and by the National
Science Foundation under Grant No. ENG 75-19047-A01.

F1aure 27. (a) Secondary motion in the deformed domain for the situation shown in figure 26.
The stream function is given by

pv2e &
— = R, .
paa Q‘ iEl 1.\}1'42

4= 0635cm; h = 635 em; Q = 4revs—l; # = 1-0gem=1; & = 1-0g em~L. (b) Enlargement of the
boxed region of (a).
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Fiaure 27 (g, b). For legend see facing page.
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Appendix. Stokes flow between concentric cylinders

Yoo & Joseph (1978) have solved the edge problem for Stokes flow between con-
centric cylinders. The main features of the theory are summarized here. We also
justify the formal solution with a convergence theorem, following lines laid out by
Joseph (1977) and proved in the thesis of Yoo (1977). We refer the reader to Yoo’s
thesis for proofs and further details.

Consider the edge problem

% 10 0%)\?

Lo¥(,9) = (ga- 15+ 5) P69) =0 (A 1a)

ina <t<b, —o0 <y < 0, with boundary conditions

¥(a,y) = ¥(b,y) = 0¥(a,y)/ot = ¥ (b,y)/ot = 0 (A 1b)
and with the data
PP (£, 0)
SN oy?
(g(t)) “\,210%¢,0) (A1)
ott ot

real and prescribed on y = 0. Here @ and b are the radii of the inner and outer cylinders,
respectively, made dimensionless with respect to the actual gap size in such a way
that the dimensionless gap size b—a always has the value 2, i.e. a = 29/(1—19) and
b =2/(1-7), where g = a/b.

The solution of problem (A 1) is obtained in the paper of Yoo & Joseph (1978)
and is given by

¥(t,y) = lim 2 C,exp (P, y) ${™(t)/ P2, (A 2)
N—® —

where the ¢{™(t) are strip eigenfunctions for Stokes flow between concentric cylinders:
Lexp(+ P, y) ¢{™(t)] = 0. The strip eigenfunctions are given by

PUI(E) = AP tI(P )+ AFV Xy (B, ) + ALY 2Jo(P 1) + APV 2Y(P,t), (A 3)

where the coefficients A and the eigenvalues P, are defined simultaneously to satisfy
the four boundary conditions given in (A 1b), which is now equivalent to

¢V (@) = ¢{V(b) = de{"(a)/dt = d{"(b)/dt. (A4)

There are a countably infinite number of eigenvalues P, of (A 4) which are sym-
metrically located in the complex P plane. We make use of the eigenvalues with
positive real parts. The P, are numbered in a sequence corresponding to the magnitude

of their real parts. We define B
P, =P, (A 5)

where the overbar designates the complex conjugate. Then ¢{~™(¢) = ${"(¢) (n = 1,
2, 3, 4, ...) is a strip eigenfunction belonging to the eigenvalue P_,. Since the given

edge data (A 1c) arereal, B
Cc_, =0, (A 8)
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Ficure 32. Sketch showing the change in the secondary flow pattern from a single large eddy at
small rod rotational speeds to a pattern consisting of & large eddy and a small eddy at higher
rotational speeds. The secondary motion in the bubble changes direction, and at higher rotational
speeds it is driven by the motion in the large eddy.

We define
t d1dg{™(t
O = F g ¢dt( )
= —[A{ + (2/ B,) Af"1tJ,(P,t) - [A§" + (2/ B,) A{V]tYy(F,¢)
— AP BI(Pb) - AP PE(PLD). (AT)

It is possible to write (A 1¢) as

(ﬁg) -3 (ﬁiiéﬁ) (A 8)

To determine the constants C,, we introduce the data vector

f= elf + €9,
the eigenvector
P = e B+ ey pfY
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and the adjoint eigenvectort
P = e Y + e Y,

where e, and e, are orthonormal base vectors. We find from (A 1) and (A 7) that the
eigenvector ¢®(¢) satisfies the differential equation

1dg™ .
n) —
tdt(t 7 ) P A. . 0 (A 9a)
. dg™
with P e, = e 0 at t=a,b, (A 9b)
where A = —e, e,+e,¢e, + 2e, e,, or in matrix notation

A= 3)

The adjoint eigenvector $™(¢) satisfies

dld\l) 2 AT ) —
to 7+ PRAT 4 = 0 (A 10a)
(n)
with Y. e, = d‘l’t e,=0 at t=a,b, (A 100)

where AT = —e, e, +e; e, +2e,e,. We find that y{¥(¢) and ¢{™ () both satisfy the
reduced biharmonic equation

a: 1d 2\ _
(d_tz-—t_%-i_P ) Fity=0
with F(a) = F(b) = F'(a) = F'(b) = 0. We therefore put
| Y () = $00), (A 11)
and ¥{™(t) may be determined directly from the second component of (A 10a),i.e
d ld'ﬁé") 2 (n) (M) —
t%? gt +PL2y" —y{V) =0

This jeads to
Yo () = [A{ — (2/ P,) AfV (P, t) + [A§Y ~(2/ B,) A{P1Y (P, 1)
+ A R (P, t) + AV 12Y (P, 1). (A 12)
The biorthogonality condition follows in a standard way from (A 9q, b) and (A 10a, b):

b
f %\p(m)T,A,cp(")dt =K, 8pn (A 13)
a
where

K =

n

— 2%/ P}) [A§” Jy(P,b) + A{® Yy(F, b)]?
+(20%/P) [A§" Jy(Fa) + AP V(P ). (A 14)

t For the derivation of $™ and the following account of the biorthogonality, see Yoo & Joseph
(1978).
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Expressing the series (A 8) in vector form

fit) = X C, m(t), (A 15)
we find, using (A 13), that
b
f %q.o(")T.A.fdt ~C. K, (A 16)

Equation (A 16) determines the coefficients

C = 1 ’1 Qlrim) (n) (n) A dt
L= | 3l -y na (A 1)

Equations (A 2)and (A 17) define a formal solution of the Stokes-flow edge problem.
The formal solution is the solution if the series on the right of (A 15) converges to f(t).
Suppose that f(t) and g(t) are three-times continuously differentiable and Sfour-times

piecewise differentiable with a finite number of bounded jumps when a < t < b. Suppose
Sfurther that
fla) =f(b) =f(a) =f"(b) =0 (A 18)
with no further restrictions on g(t). Then
C, = K’;, °1 [z,/ﬂ"’t( g+f) ) Pn (A J(P,t)+ AP Y (P, 1)) ¢ (:f ) ]dt.
(A 19)

When n is large,
= O(n—?) (A 20)

and, forallt,a <t < b, the series (A 15) may be majorized by a convergent numerical series

CZ’IL2’

where C is a constant independent of n.
The above statement can be regarded as an extension of Joseph’s (1977} theorem 1.
The proof of this theorem may be found in the thesis of Yoo (1977).
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DESCRIPTION OF PLATE 1

F1cure 28. Sequence of photographs showing the motion of aluminjum flakes on the surface of
STP-2 (see table 3) for a rod of radius 0-9525 cm rotating at a speed @ = 2-05revs—. The motion
i8 viewed from above. The aluminium flakes start beyond the bubble radius and spiral radially
inwards (i.e. up the surface of the bubble) towards the rod.

(@) ® () (@) (e) ) @ ()
Time (s) 0 28 70 123 163 211 310 392
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(e)
®) 03]
(0) @®)
(d) (h)

Ficure 28. For legend see facing page.
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(a) (e)
(b)

(¢) (&
(d) (h)

Fiaure 29. For legend see facing page.
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Froure 30. Sequencé of photographs showing the motion of aluminium flakes on the surface of
STP-2 when the rod in figure 28 rotates at w = 4-45revs—1. The aluminium flakes start close to the
rod and rapidly spiral down the bubble (radially outwards) to the outer edge of the bubble,
where they disappear beneath the surface of the fluid.

(a) (b) {c) (d) (e) H
Time (s) 0 2 3 4-5 8-5 14

DESCRIPTION OF PLATE 2

F1cure 29. Sequence of photographs showing the motion of aluminium flakes on the surface of
TLA-227 (see table 3) for a rod of radius 0-9525 cm rotating at a speed w = 0-49revs-1. The
motion is viewed from above. The aluminium flakes start beyond the bubble radius and spiral
radially inwards (i.e. up the surface of the bubble) towards the rod.

(@) (5) (o) (@) (e) ) (9) (R)
Time (s) 0 10 30 54 97 177 241 275
YOO, JOSEPH axp BEAVERS
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Ficure 31. Sequence of photographs showing the motion of aluminium flakes on the surface of
TLA-227 when the rod in figure 29 rotates at w = 1-12revs—1. The behaviour of the flakes is the
same as in figure 30.

(@) () (0) () (e) (f)
Time (s) 0 45 10 17-5 24 44

YOO, JOSEPH axp BEAVERS



